











1.4 Factoring

— <¢’ Progress Check —

Factor.
a. x>*—49 b. 16x*—9 c. 25x% — )2
Answers
a. x+7)(x—7) b. (4x+3)(4x—3) c. 5x+py)(5x—1y)
L —

The formulas for a sum of two cubes and a difference of two cubes can be veri-
fied by multiplying the factors on the right-hand sides of the following equations:

Sum and Difference of Two Cubes
a®+b3=(a+b)(a®—ab+b?
@’ —b*=(a—b)(a®+ ab + b?)

These formulas provide a direct means of factoring the sum or difference of two
cubes and are used in the same way as the formula for a difference of two squares.

EXAMPLE 6 Special Factors

Factor.
a. ¥’ +1 b. 27m® — 64n® c. %Lﬁ +8v°
SOLUTION
a. With a = x and b = 1, the formula for the sum of two cubes yields the follow-
ing result:
BHr1=x+1)X%>—x+1)
b. Since

27m® — 64n® = (3m)3 — (4n)3

we can use the formula for the difference of two cubes with a =3m and b = 4n:
27m® — 64n® = (3m — 4n)(9m® + 12mn + 161°)

c. Note that

3
%Lﬁ + 8 = (%u) + (2v)3

and then use the formula for the sum of two cubes:

2
%lﬁ + 813 = (%+2v)(%—%uv+4v2>
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14e Combining Methods

We conclude with problems that combine the various methods of factoring that
we have studied. As the factoring becomes more complicated, it may be helpful to
consider the following strategy:

Remove common factors before attempting any other factoring techniques.

EXAMPLE 7 Gommon Factors, Grouping, and Special Factors

Factor.
a. 2x% — 8x b. 3y(y+3) +2(y+3)3* - 1)

SOLUTION

a. Observing the common factor 2x, we find that

2x3 — 8x = 2x(x* — 4)
=2x(x+2)(x—2)
b. Observing the common factor y + 3, we see that
3y(y +3) +2(y+3)(» = 1) = (y + 3)[3y + 2(/ — 1)

=(y+3)3y+2y*-2)
=(y+3)(2)*+3y—2)
=(y+3)2y-1)(y+2)

N~ —
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FOCUS on “Magical” Factoring for Second-Degree
Polynomials

Factoring involves a certain amount of trial and error that can become frustrating, espe-
cially when the lead coefficient is not 1. You might want to try a scheme that “magical-
ly” reduces the number of candidates. We demonstrate the method for the polynomial

4x>+11x+6 (1)

Using the lead coefficient of 4, write the pair of incomplete factors
(4x )(4x ) 2)

Next, multiply the coefficient of x* and the constant term in Equation (1) to produce 4 - 6 = 24. Now
find two integers whose product is 24 and whose sum is 11, the coefficient of the middle term of (1).
Since 8 and 3 work, we write

(4x +8)(4x + 3) 3)

Finally, within each parenthesis in Equation (3) discard any common numerical factor. (Discarding
a factor may only be performed in this “magical” type of factoring.) Thus (4x + 8) reduces to (x + 2)
and we write

(x+2)(4x+3) (4)

which is the factorization of 4x* + 11x + 6.
Will the method always work? Yes—if you first remove all common factors

Try the method on in the original polynomial. That is, you must first write

these second-degree ) 5

p0|yn0mia|s: 6x“+15x + 6 = 3(2X + 5x + 2)
3% +10x—8 and apply the method to the polynomial 2x* + 5x + 2.
6x°—13x+6 (For a proof that the method works, see M. A. Autrie and J. D. Austin,
4% —15x— 4 “A Novel Way to Factor Quadratic Polynomials,” The Mathematics Teacher 72,
102+ 11x—6 no. 2 [1979].) We use the polynomial 2x*> — x — 6 of Example 4 to demonstrate

the method when some of the coefficients are negative.

Factoring ax? + bx+ ¢ Example: 2x2 — x—6

Step 1. Use the lead coefficient a to write the in- | Step 1. The lead coefficient is 2, so we write

complete factors (2x )(2x )
(ax )(ax )
Step 2. Multiply a and ¢, the coefficient of X%, Step 2. a-c=(2)(-6)=-12

and the constant term.

Step 3. Find integers whose product is a - ¢ and
whose sum equals b. Write these inte-
gers in the incomplete factors of Step 1.

Step 4. Discard any common factor within each
parenthesis in Step 3. The result is the de-
sired factorization.

Step 3. Two integers whose product is —12 and
whose sum is —1 are 3 and —4. We then
write

(2x+3)(2x — 4)

Step 4. Reducing (2x — 4) to (x — 2) by discard-
ing the common factor 2, we have

2x*—x—6=(2x+3)(x—2)
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— (%’ Progress Check —

Factor.
a. xX*+5x*—6x b.2x¥*—2x*)y—4x* o 3x(x+1)+(x+1)2x*+1)

Answers

a. x(x+6)(x—1) b. 2x(x+y)(x—2y) c x+1)2x—1)x—-1)
\ U

14f Irreducible Polynomials

Are there polynomials that cannot be written as a product of polynomials of lower
degree with integer coefficients? The answer is yes. Examples are the polynomials
x*+ 1 and x> + x + 1. A polynomial is said to be prime, or irreducible, if it cannot be
written as a product of two polynomials, each of positive degree. Thus, x* + 1 is

irreducible over the integers.
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Exercise Set 1.4 m——————————————————

Factor completely.

1.

3.
S.
7.
9.
10.
11.
13.
15.
17.

19.
21.
23.

235.

27.
29.

31.
33.
33.
37.
39.
41.
43.
45.
47.
49.
51.
53.
5S.
57.
59.
61.
63.
635.

67.

69.

5x—15 2. Tx+3y
—2x — 8y 4. 3x—6y+15
Sbc + 25b 6. 2x* + x*

-3y —4y° 8. 3abc + 12bc
3x% + 6x%y — 9x*z

9a’b® + 12a°b — 15ab*

X +4x+3 12. x> +2x—8
Y —8y+15 14. Y +7y—8
a*— 7ab + 12b* 16. x> —49
i 18. a®— 7a+ 10
9 —x? 20. 4b* - a*

x> —5x — 14 22. X** -9
-y 24. 4a® — b

X —6x+9 26. A’V — 3

x> —12x + 20 28. x*—8x—20
X+ 11x+ 24 30 - 55

2x* = 3x—2 32. 2X° + 7x + 6
3a>—1la+6 34. 4x* - 9x+2
6x* + 13x + 6 36. 4y* -9

8m* — 6m —9 38. 9x* +24x + 16
10x*—13x—3 40. 9y* — 16x*
6a* — Sab — 6b* 42. 4x*+ 20x + 25
10752 + 9rst + 222 44. x'2—1

16 — 9x%y* 46. 6 + 5x — 4x*
8n*—18n—75 48. 15+ 4x — 4x°
2x* —2x — 12 50. 3)% + 6y — 45
30x* — 35x + 10 52. x*y*t —x%?

18x%m + 33xm + 9m  54.
12x% —22x% — 20x*  56.

xt =yt 58.
b*+2p0* -8 60.
X+ 27y 62.
27x% —y? 64.
a+8 66.
+m® =8’ 68.

(x+y)?P-8 70.

25m?n® — 5m’n

107% — 5rs — 1552

a*—16

4b* + 20b* + 25
8x3 + 125)°
64x* — 27y°

8r* — 27

8a® — b’

27+ (x+y)?

71.
73.
74.
75.
76.
77.

78.

79.

80.

81.

82.

83.

84.

85.

8x6 — 125)° 72. a®+ 27b°
4(x+1)(y+2) —8(y+2)
2x+1)(x—1)+5(x—1)

3(x+2)%(x—1) —4(x+2)*(2x + 7)

42x— 1) (x+23x+1) —32x— 1)5(x + 2)*(x + 3)

Show that the difference of the squares of two
positive, consecutive odd integers must be
divisible by 8.

A perfect square is a natural number of the
form n*. For example, 9 is a perfect square since
9 = 3% Show that the sum of the squares of two
odd numbers cannot be a perfect square.

Find a natural number n, if possible, such that
1+ n(n+1)(n+ 2)(n+ 3) is a perfect square.

Determine whether the expression is a perfect
square:
l+nn+1)n+2)(n+3)

(Hint: Consider [1 + n(n + 3)?].)

Factor completely.
a. (x+h)?-x° b. 2" 4 2nt1 4 gnt2

c. 16 —81x'? d. Z2—x*+2xy— *
Factor completely.

a. [—n(n2+ 1)]2 +(n+1)>»

b, n(n+1)6(2n+1) +(n+1)?

¢. Fla+bx? —4H(a+bx)

Factor the following expressions that arise in
different branches of science.

a. biology (blood flow): C[(R + 1)* — ]

b. phzysms (nuclear):
(1-p)b? - [pa+ (1 - p)b]?

C. mechanlcs (bendlng beams):
—3LX +2L?

d. electr1c1t¥ (re51stance)
(R, + (R, +R,)

e. physics (motion): —16£* + 64t + 336

Factor this expression, used to find the an-
swers given in the chapter opening.

20t — 0.7

Factor the general expression vt — +at?.
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86.

87.
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Suppose we alter the expression from
Exercise 85 by adding a constant:

_1 2
s+ vt zat

Experiment with different values of s, v, and t.
Which ones give you an expression that is easy
to factor? (Reread Exercise 87 in Section 1.3.
The s we have added could represent the origi-
nal position of the object.)

Mathematics in Writing: Write a short para-
graph explaining the differences in the
techniques you used to factor the scientific ex-
pressions in Exercise 83 parts a, b, and c. Find
at least one other problem in this problem set
that uses a technique similar to each of the
three you have described.



1.5 Rational Expressions

1.5 Rational Expressions

Much of the terminology and many of the techniques for the arithmetic of frac-
tions carry over to algebraic fractions, which are the quotients of algebraic expres-
sions. In particular, we refer to a quotient of two polynomials as a rational expression.

15a Notation

Any symbol used as a divisor in this text is always assumed to be different
from zero.

Therefore, we will not always identify a divisor as being different from zero unless
it disappears through some type of mathematical manipulation.

Our objective in this section is to review the procedures for adding, subtract-
ing, multiplying, and dividing rational expressions. We are then able to convert a
complicated fraction, such as

—_

=

+

%F
><|>—A

into a form that simplifies evaluation of the fraction and facilitates other opera-
tions with it.

150 Multiplication and Division of Rational Expressions

The symbols appearing in rational expressions represent real numbers. We may,
therefore, apply the rules of arithmetic to rational expressions. Let a, b, ¢, and d
represent any algebraic expressions.

% 0 % = Z—é Multiplication of rational expressions
a a

b _ b (bd) _ad e . .

% = % “(bd) b Division of rational expressions

EXAMPLE 1 Multiplication and Division of Rational Expressions

o 2X 3y’

D1V1d€7by Y—3

SOLUTION
2 2
T ((:x=3) _2x(x-3) w23
3y 3y (y)(x=3) 3yt
x—3 x—3
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The basic rule that allows us to simplify rational expressions is the cancella-
tion principle.

Cancellation Principle

ab _ b
ac = ¢ a#0

This rule results from the fact that 4 = 1. Thus,

Once again we find that a rule for the arithmetic of fractions carries over to ratio-
nal expressions.

EXAMPLE 2 Factoring and Cancellation

Simplity.
A x*—4 b 3x*(y—1) . 6x(y—1) . x2—x—6
" X’+5x+6 ooyt (y+1) T 3x—x?
SOLUTION
x*—4 _(x+2)(x—-2) x-2 B
i sx+6 (x+3)(x+2) x+3 x# =2
3x%(y—1) 3x%(y—1)
A S s SR 0/t DA Ot ) O e VAT o D PN
Cex(y-17  ex(y— 17 (y+1) 6x(y—1)7 2(y-1) 7Y
(y+1) (y+1)
x*—x—6 _ (x=3)(x+2) _ (x=3)(x+2) _x+2 _ x+2
CT3x—x2 0 x(3—x) —=x(x-3) X XF3I=T T, x#3

Note that in Example 2¢, we wrote (3 — x) as —(x — 3). This technique is often
used to recognize factors that may be canceled.

— <¢’ Progress Check .

Simplity.
A x24_—xx_26 b. 8—y 2x . xz; 16
Answers
a. )2‘:3‘, X#-2 b.—x_%_4, x#£4,y#0
. I




© a. Only multiplicative factors can be canceled. Thus,

2x—4
T #F2-4
Since x is not a factor in the numerator, we may not perform cancellation.
b. Note that y
: yo—Xx B
y=x VX

To simplify correctly, write

Y’ =X (yrx)y—x) _
y=x — y—x VTH

15¢c Addition and Subtraction of Rational Expressions

Since the variables in rational expressions represent real numbers, the rules of
arithmetic for addition and subtraction of fractions apply to rational expressions.
When rational expressions have the same denominator, the addition and subtrac-
tion rules are as follows:

a,b_a+b
ctc= ¢
a_b_a-b
c cC c

For example,

2 4
x—1 x-—1

5 _2-4+45_ 3

R R R

To add or subtract rational expressions with different denominators, we must
first rewrite each rational expression as an equivalent one with the same denomi-
nator as the others. Although any common denominator will do, we will con-
centrate on finding the least common denominator, or LCD, of two or more rational
expressions. We now outline the procedure and provide some examples.

1.5 Rational Expressions

39
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EXAMPLE 3 Least Common Denominator for Rational Numbers

Find the LCD of the following three fractions:

1 7 3
8 90 25
SOLUTION
Method Example
Step 1. Factor the denominator of each fraction. Step 1. % 42 iz
2 2-3%-5 5
Step 2. Find the different factors in the denominator and the Step 2. Factor Highest exponent ! Final factors
highest power to which each factor occurs. 5 3 . s
3 2 : 9
5 2 b %S
Step 3. The product of the final factors in Step 2 is the LCD. Step 3. The LCD is 23 - 3%2.52=8.9 .25,
|
EXAMPLE 4 Least Common Denominator for Rational Expressions
Find the LCD of the following three rational expressions:
1 —2 3x
x®—x? x> —x X2 +2x+1
SOLUTION
Method Example
. . 1 —2 3x
Step 1. Factor the denominator of each fraction. Step 1. Z(x—1) X —D)(x+1) x+17
Step 2. Find the different factors in the denominator and the Step 2. Factor Highest exponent " Final factors
highest power to which each factor occurs.
X 2 ; x2
x—1 1 x—1
x+1 2 (x+1)
Step 3. The product of the final factors in Step 2 is the LCD. Step 3. The LCD is x(x—1)(x+1)?
|

— (/’ Progress Check N

Find the LCD of the following fractions:

2a —7b 3
(3a%+12a+12)b a(4b*—8b+4) ab®+2b3

Answer
12ab*(a + 2)*(b — 1)?
L




Equivalent Fractions
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The fractions % and <% are said to be equivalent because we obtain % by multiply-
ing % by 3, which is the same as multiplying < by 1. We also say that algebraic
fractions are equivalent fractions if we can obtain one from the other by multiplying
both the numerator and denominator by the same expression.

To add rational expressions, we must first determine the LCD and then convert
each rational expression into an equivalent fraction with the LCD as its denomi-
nator. We can accomplish this conversion by multiplying the fraction by the ap-
propriate equivalent of 1. We now outline the procedure and provide an example.

EXAMPLE 5 Addition and Subtraction of Rational Expressions

Simplity.
x+1 2
2x2 3x(x+2)

SOLUTION

Method Example

Step 1. Find the LCD.

Step 1. LCD = 6x*(x + 2)

Step 2. Multiply each rational expression by a fraction
whose numerator and denominator are the same,
and consist of all factors of the LCD that are miss-

Step2. x+1 3(x+2) _ 3x*+9x+6
2x*  3(x+2)  6x*(x+2)

ing in the denominator of the expression. m . Eg; = ﬁ
Step 3. Add the rational expressions. Do not multiply Step 3. x+1 _ 2 _3X°+9x+6 _ 4x _3x*+5x+6
out the denominators since it may be possible 2x* 3x(x+2)  6x*(x+2)  6x*(x+2)  6x*(x+2)
to cancel.
— (%’ Progress Check —
Perform the indicated operations.
a x—8 3 b 4r—3  2r+1 | 2
" xP-4 0 x*-2x T 4r* 3r
Answers
x—3 6r’+7r—12
& Y(x+2) X+2 b. 36r°
S
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15d Complex Fractions

At the beginning of this section, we said that we wanted to be able to simplify
fractions such as
1 —
1

L+
X

< [—=

><|>—A

This is an example of a complex fraction, which is a fractional form with fractions in
the numerator or denominator or both.

EXAMPLE 6 Division of Rational Expressions

Simplify the following:
1 —
L+
X

< [—=

><|>—A

SOLUTION

Method Example

Step 1. Find the LCD of all fractions in the Step 1. The LCD of + and = is x%
numerator and denominator. *

. (1_%> (x*) _ x2—x
Step 2. Multiply the numerator and de- Step 2. —4—~ (x0)  T¥xr X #0
nominator by the LCD. Since this is (7*7)
multiplication by 1, the result is an X(x—1)
equivalent fraction. =gy ¥#0

— </’ Progress Check N

Simplity.
1 a b
2+ =4+ =
X b a
a. 2 b. 11
X a b
Answers
2x+1 a’+b?
a o x#0 b. h—a a#0, b#0
L J
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Exercise Set 1.5 m———————

Performall possible simplificationsin Exercises 1-20. In Exercises 31-50, perform the indicated opera-
| x+d X V225 tions and simplify.
" x*-16 Tyt 8 4 X 2
X Y 31. ) +m 32. X2_4+4—X2
3 X°—8x+16 4 5x2—45
’ x—4 ©2x—6 x—1 1 2
33. X3 +2 A
5 6x*—x—1 6 2X0+x%—3x
T 2x2+3x-2 C3x%-5x+2 35 12+ 32 36. b - 15
Ta+ a— "8 12a
7 2 . 3 8 Sx+15 . 3x+9
3x—6 " 2x—4 8 4 4 5 4x—1 2
37. 35 ~ %y 38. H st 5h
o 25—a’ 2p7+6b | 207 xty
" b+3 a—>3 T Xty 4xy 5 X X y
39. 57— 40. -
x+2 . x*—2x—8 3x 6x” e X3 SR
11. - 12. =
3y 157 Xt2 " x2—x—-6 Sx 4 4 3
41. — oy 42 7135
13 6 -x=2  2x°-7x+6 a8 A '
" 2x*-5x+3  3x*+x—2
43, 14 2x~1
6x?+11x—2 5x*—3x—2 SRR CRECERY
14. .
4x*=3x—1 3x*+7x+2 2% x—1
MoF T Tt D(x—2)
15, (P —4). 2x+3 M
' x>+2x—8 2x 3
45. +
16. (& —2 a+1 xX*+x—2 x+2
- (a a) - 6—a—a’® 2
46. =5 Xz_’;_6
2_
17. (¥ —2x —15) + X =7x+10
x*+1 47 _2x=1 ___ x-2
22— 5y—3 " x2+5x+6  x®+4x+3
18.%+(y2+y—12)
48 2x—1 X
: 3 2
lo _X*=4  x*43x—4 _ x+3 -4 xT+x—2
" x*+2x—3 x*—7x+10 x*+3x+2
49. ZZX n 2x+1
— + —
00 _X°=9  2x*+5x+2 x’—x—2 ol Sxed
Text+x—1 x*+4x+3  x*-3x 2 1
50. =22 + X -
Tx+2  x—2  x2_-4
In Exercises 21-30, find the LCD.
_ In Exercises 51-66, simplify the complex fraction
4 2 +4 4
21. -, xy 22. xfl’ §+2 and perform all indicated operations.
2 1
1+ X——
S—a 7 x+2 x—2 X x
23. a0 oa 24. X 52 51. 1_1 52. 2+l
X X
2b 3 2+x 3
25. 77, ———>% 26. 2
b—1" (h—1) x2—4’ x—2 v+l 1-5
53. A+ 54. —
5y A 5 ’8 3 2y 1=5 1+
"X—2 x*+x-6 CyP-3y—4’ yt1 . )
-16 a—b _a+b
3 2 x 55. & 56. 45 —4tb
29. x+1’ x’ x—1 %_% a—b
4
+1
4 3 X 1 x*—4
- 7.2— L
30- % =T o oxt > 1+1L 8 T
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59.

61.

63.

65.

67.

68.

69.

B Chapter 1 The Foundations of Algebra

a_b X X
b a x—2 x+2
l-}-l 60 2x X%
a b x—2 x—2
3-—2- 62. 2+ —3
=973 1+3=%
1
y—
- -
- 64. 1——
+ —_
Y "y
Yy
1- 1 66. 1+ 1
1+—1 1-—1
1 1
1=13% +77%

& R YR, "R, TR,

3 4d 5d°
. + -
b= a T Cay T (c—ay
6
C.m-i—k—z

Simplify the complex fractions.

1 1 1_1
(x+h)? x° b ¥ 9
h o x—3

Find the errors in the following and correct
the statements.

1

R
1

b L_}il:<%)(%+%>
a b

a*(3b+4a) _3b+4a
a*+b’ b




1.6 Integer Exponents

16a Positive Integer Exponents

In Section 1.3, we defined a” for a real number a and a positive integer n as
an = a 7 AEERER) a
[ ——]

n factors
and we showed that if m and n are positive integers then a”a” = a™*". The method
we used to establish this rule was to write out the factors of a” and 4" and count

the total number of occurrences of a. The same method can be used to establish
the rest of the properties in Table 1-9 when m and n are positive integers.

TABLE 1-9 Properties of Positive Integer Exponents, m>0and n> 0

Example Property

22.23=25 aman:aern
4.8=32
(23)2 — 23~2 — 26 (am)n = g™
8% =64
(2.3)2=2%.32 (ab)™ = a"p"
6°=4-9
6V _ 6° ayn_a”
(7) 22 ( b ) "
32 = 346
2_2223 ‘:lr::am7" ifm>n,a+#0
323
2 n
%:% g_m:% ifm>na+#0
4 _1
328
5% _ 25 _ a™ _ .
5—_—5_1 a”’_l ifa#0
EXAMPLE 1 Multiplication with Positive Integer Exponents
Simplify the following.

a. (4a’p®)(2a°b) b. (2x%)*

SOLUTION

a. (4a’h®)(2a°b) =4 - 2 - a*a®b*b = 8a°b* b. (2x%)* =2 ()" = 16x%*

1.6 Integer Exponents M 45
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— <¢’ Progress Check —

Simplify, using only positive exponents.
14 —2(x+1)
a. (X3)4 b. X4(X2)3 C. 6:1—8 d. W
—ab? \3
e. (3a?)? £ (g—§7>
Answers
12 10 6 2
a. x b. x c.a d. x+1)
316
e. 27a%° £, —“CE
4 —

16b Zero and Negative Exponents

We next expand our rules to include zero and negative exponents when the base
is nonzero. We wish to define a° to be consistent with the previous rules for expo-
nents. For example, applying the rule a”a" = a™ " yields

— am+0 =g"

a"a’
Dividing both sides by a™, we obtain a” = 1. We therefore define a° for any nonzero
real number by

a°=1,a¢0

The same approach leads us to a definition of negative exponents. For consistency,
if m > 0, we must have
a’am=a""=a"=1 or ad"a™=1 (1)

Division of both sides of Equation (1) by a” suggests that we define a ™ as

a= ai’”’ a#0
Dividing Equation (1) by a ", we have
1
m
a’=_=m 4 #0

Thus, a” and a ™ are reciprocals of one another. The rule for handling negative
exponents can be expressed as follows:

A nonzero factor moves from numerator to denominator (or from de-
nominator to numerator) by changing the sign of the exponent.



: It is important to note that

0° is not defined. Furthermore, 0™ is also not defined for m > 0.

We may also conclude that

a’#0

and a™#0, m>0

We summarize these results in Table 1-10.

TABLE 1-10 Properties of Integer Exponents, a # 0

Example Property

41
8=2'=l a" =Ly
EXAMPLE 2  Operations with Integer Exponents
Simplify the following, using only positive exponents:
a. (x—21)0 b. (¥ %)
C. %, k>0
SOLUTION
a (X_Zl)o _ % s b. (x2S = (x2) S(y3) S = x 1015 = i’iz
. )/23;;(1 _ y3k+;y72k _ y3k+2172k _ %yk“
— @ Progress Check -
Simplify, using only positive exponents.
a. x %y 7_9?;)(?; _62 C. (i—j)ﬂ
Answers
a x21y3 b ;—;28 c %
. -

1.6 Integer Exponents W 47
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Do not confuse negative numbers and negative exponents.
-1

=5

Note that 27% # —24,

a. 274

1.6c Scientific Notation

One of the significant applications of integer exponents is that of scientific notation.
This technique enables us to recognize the size of extremely large and extremely
small numbers rather quickly and in a more concise form.

Consider the following examples for powers of 10:

One thousand = 1000 = 1 x 10° = 10°

1 1

One thousandth = 0.001 = 7550 = 107 = 1073

Reversing the procedure we obtain:
1. 10*=1 x 10*=100.0, namely, 1 with the decimal point two places to the right

of it.
2. 102=10x 102 =55 = 0.01, namely, 1 with the decimal point two places to

the left of it.
Scientific Notation

A number is written in scientific notation if it is of the format +a x 107,
where 1 < a <10 and m is some integer. If a = 1, it is generally omitted.

EXAMPLE 3  Writing in Scientific Notation

An angstrom (A) equals 1 ten-billionth of a meter. Write this in scientific notation.

SOLUTION
1 A =0.0000000001 meters = 10" '° meters

EXAMPLE 4  Writing in Scientific Notation

One light-year is approximately 6 trillion miles. Write this in scientific notation.

SOLUTION
1 light-year ~ 6,000,000,000,000 miles = 6 x 10'% miles



If +a x 10™ is the result of some calculations or measurements involving sci-
entific notation, then the number of digits present in a are generally taken as the
significant digits of the answer. For example, 6 x 10'? has one significant digit.

If we write a number in scientific notation with fewer significant digits than
the original number presented, we must round the last significant digit used ac-
cording to the following rule:

e Add 1 to the last significant digit if the digit following it in the original num-
beris 5, 6,7, 8, or 9.

e Leave the last significant digit alone if the digit following it in the original
number is O, 1, 2, 3, or 4.

Writing in Scientific Notation

The speed of light is approximately 186,282 miles per second. Write it in scientific
notation with four significant digits.

SOLUTION
The speed of light ~ 1.863 x 10° miles per second since 186,282 is rounded to
186,300.

Writing in Scientific Notation

There are 31,557,600 seconds in an average year (365.25 days). Write it in scien-
tific notation with four significant digits.

SOLUTION
1 year = 3.156 x 10 seconds.

Calculations in Scientific Notation

Find the number of miles in 1 light-year to four significant digits.

SOLUTION

One light-year is the number of miles light travels in 1 year.
1 light-year = (1.863 x 10° miles per second)(3.156 x 107 seconds)
= 5.880 x 10" miles.

Note that this becomes 6 x 10'? miles if we require only one significant digit.
The number of significant digits of our answer equals the minimum number of
significant digits involved in our calculations.

1.6 Integer Exponents M 49
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Graphing Calculator ALERT

To input scientific notation on your graphing calculator, you will use the

@ (which is I:I). For example, to input 5 x 10%, key in III @

III. You will notice that the screen will show 5e4. When you hit | ENTER |

you have 50000.
Sometimes computations are so large that the calculator reverts to scientific notation. For ex-

ample, the computation in Example 7 will be done as:

1.863 (EE )5 3.156 (EE )7

The output is 5.879628e12, which means our product is 5.879628 x 10'2,

— <¢’ Progress Check —

1 ounce = 0.02834952 kilogram
Write this number in scientific notation using:

a. two significant digits
b. three significant digits
c. five significant digits

Answers
a. 2.8 x 1072 b. 2.83 x 1072 c. 2.8350 x 1072

\.
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Exercise Set 1.6 TS

4. -2
Ip Exercises 1-6, the right-hand side is incorrect. 49. 2)(27)13 50. (x4y’2)’1
Find the correct term. X7y
1 2% xt =28 2. (PS5 =y 51. (30725 7%) 2 s2. —L
. yz y (ny) 2
b _ 3 X _ 4 -
3. b b 4. P - (—lx3yf4)73 < (x 2)23
. VA 2 (3y72)
5. (ZX) =2x 6. (g) Z? 3(151972 X_3 2
55. 9a74b2 56. X*Z
In Exercises 7-64, use the rules for exponents to ) P
simplify. Write the answers using only positive 57 <2a2b_4> sg XY
exponents. a3 Cxy
_o\—1
DL e e o e (2]
. > > . (x . 3
—4) (a+b)! 1 1y-
9. (y4)2" 10. ﬁ 61. W 62. (a Lyp 1) 1
3 -1 -1 _ -1
(X _ a +b ay! b
11. <}/> 12. =371 63. 4t 64. (F) +<E>
12
3\5 . 4 X aymn_(by
13. (%)% - x 14~ 65. Show that (%) " = ()
—_742)S _ 2\S
15. (=24 16. —(2x) Evaluate each expression in Exercises 66-69.
3n n _o\m(_n\n
17. X7 x 18. (=2)"(=2) 66. (1.20%)! 67. [(~3.67)2 !
x" 33\ _
19. i 20. (T 6s. (2651 6o, (4467 \"
"\ 7.65% "\4.467!
21. (-5x%)(—6x°) 22. (PPAY
yZ In Exercises 70-75, write each number using scien-
2 \4 8
(r*) 515 tific notation.
23. (7 24. [((3b+1)°]
r 70. 7000 71. 0.0091
n _n 27\
05, ( 3 X2y3> 2. % 72. 452,000,000,000  73. 23
—3ab
i 3)4 74. 0.00000357 75. 0.8 x 1073
y\y
27. (2x+1)°(2x+1)" 28 ') In Exercises 76-81, write each number without
exponents.
3
29. (~2a%b%)" 30. (~5a?b’c?) 76. 4.53 x 10° 77. 893 x 10
31 20431 32, ()0 - 2! 78. 0.0017 x 10’ 79. 145 x 10°
' \ ’ 80. 100 x 1073 81. 1253 x 107
33. (22 +1) 34. (-3)7° 82. The dimensions of a rectangular field, measured
in meters, are 4.1 x 10° by 3.75 x 10°. Find the
35 % 36. x5 area of this field expressed in scientific notation.
-3 .
83. The volume V of a spherical bubble of radius r
37. (—x)3 38. —x7° is given by the formula
_4
39, L 40. (2a)°° V=gar
y If we take the value of 7 to be 3.14, find the
41. 5735° 42. 4y°%y? volume of a bubble, using scientific notation,
43. (323 44, (x2) if its radius is 0.09 inch.
3.3 12 84. Find the distance, expressed in scientific nota-
45. (1) 46. [x+y) tion, that light travels in 0.000020 seconds if the
47 2% 48 x8 speed of light is 1.86 x 10° miles per second.
© )3 © %10
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85. The Republic of Singapore is said to have the
highest population density of any country in the
world. If its area is 270 square miles and its esti-
mated population is 4,500,000, find the popula-
tion density, that is, the approximate number of
people per square mile, using scientific notation.

86. Scientists have suggested that the relationship
between an animal’s weight W and its surface
area S is given by the formula

S=KW?

where K is a constant chosen so that W, mea-
sured in kilograms, yields a value for S, mea-
sured in square meters. If the value of K for a
horse is 0.10 and the horse weighs 350 Kkilo-
grams, find the estimated surface area of the
horse, using scientific notation.

87. Simplify the following:

a 21420420
. 4<2n+3_2n+1)
a(1-13)
b. 1=
96m
C. 3Tm
d 84+ 8*+8*+8*
S E
. (6x1072)(2x107%)
’ 3x108

88. Assuming a lifetime is 70 years, how much is
that in seconds? Express your answer in scien-
tific notation.
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1.7 Rational Exponents and Radicals

1.7a nth Roots

Consider a square whose area is 25 cm? (square centimeters), and whose sides are
of length a. We can then write
a? =25

so that a is a number whose square is 25. We say that a is the square root of b if
a* = b. Similarly, we say that a is a cube root of b if a* = b; and, in general, if n is a
natural number, we say that

ais an nthrootof b if a"=b

Thus, 5 is a square root of 25 since 5% = 25, and —2 is a cube root of —8 since
(—2)*=-8.

Since (—5)% = 25, we conclude that —5 is also a square root of 25. More gener-
ally, if b > 0 and a is a square root of b, then —a is also a square root of b. If b <0,
there is no real number a such that a*> = b, since the square of a real number is
always nonnegative. (In Section 1.8, we introduce an extended number system in
which there is a root when b < 0 and 7 is even.)

We would like to define rational exponents in a manner that is consistent
with the rules for integer exponents. If the rule (a™)" = @™ is to hold, then we
must have

(bl/n)n =pin=p

But a is an nth root of b if a" = b. Then for every natural number n, we say that

b is an nth root of b

Principal nth Root
If nis even and b is positive, there are two numbers that are nnth roots of b. For example,
4>=16 and (-4)2=16

There are then two candidates for 16'%, namely 4 and —4. To avoid ambiguity we

say that 16> = 4. That is, if 1 is even and b is positive, we always choose the positive
number a such that a" = b is the nth root, and call it the principal nth root of b. Thus,
b'" denotes the principal nth root of b.

We summarize these results in Table 1-11.

TABLE 1-11 Properties of Powers a" = b and Roots a= b"" for Integer n> 0

Example Property

22=8 (-2)3=-8 Any power of a real number is a real number.

83 =2 (—8)3=-2 The odd root of a real number is a real number.

0"=0 0'"=0 A positive power or root of zero is zero.

42=16 (—-4)>=16 A positive number raised to an even power equals the negative of that
number raised to the same even power.

(16)12 =4 The principal root of a positive number is a positive number.

(—4)"? is undefined in the real number system. The even root of a negative number is not a real number.
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EXAMPLE 1 Roots of a Real Number

Evaluate.

1/4
a. 1442 b. (-8)1/3 c. (=25)'? d. _(%)
SOLUTION

a. 144Y2=12 b. (-8)13=—-2 ¢ (=25)"2is not a real number

0.5~

1.7b Rational Exponents

Now we are prepared to define ™", where m is an integer (positive or negative), n
is a positive integer, and b > 0 when 7 is even. We want the rules for exponents to
hold for rational exponents as well. That is, we want to have

43/2 = 4(1/2)3) — (41/2)3 —23-§g

and
43/2 _ 4(3)(1/2) _ (43)1/2 _ (64)1/2 =8

To achieve this consistency, we define b™" for an integer m, a natural number n,
and a real number b, by

bm/n _ (bl/n)m _ (bm)l/n

where b must be positive when # is even. With this definition, all the rules of ex-
ponents continue to hold when the exponents are rational numbers.

EXAMPLE 2  Operations with Rational Exponents

Simplify.
a. (—8)%3 b. xV2. x4 o (x¥H2 0 d. (3xP3y3)3

SOLUTION
a. (-8)*=[(-8)"]' = (-2)" = 16

b, x/2. y3/4 = y1/2+3/4 — y5/4

C. (x3/4)2 — X(3/4)(2) — X3/2

2
d. (3x2/3)75/3)3 = 33 . x23IG-S/38) = 7,25 = _2}7/24
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— <¢’ Progress Check —

Simplify. Assume all variables are positive real numbers.
1/3,,2/3\12
4/3 1/23,-2y-2 i 4
a. 27 b. (a'?p™?) C. < 576 )
Answers ‘s
4 X
a. 81 b. % C. zl):’
\ I

FOCUS When Is a Proof Not a Proof?

Books of mathematical puzzles love to include “proofs” that lead to false or contra-
dictory results. Of course, there is always an incorrect step hidden somewhere in the
proof. The error may be subtle, but a good grounding in the fundamentals of math-
ematics will enable you to catch it.

Examine the following “proof.”

1=12 (1)
=[(-1)"? 2)
= (-1)*? (3)
= (1! (4)
=-1 (5)

The result is obviously contradictory: we can’t have 1 = —1. Yet each step seems to be legitimate. Did

you spot the flaw? The rule
(bm)l/n _ bm/n

used in going from Equation (2) to (3) does not apply when 7 is even and b is negative.

1.7c Radicals

The symbol /b is an alternative way of writing b'/?; that is, b denotes the non-
negative square root of b. The symbol J s called a radical sign, and /b is called the
principal square root of b. Thus,

J25=5 JO=0 v—25 is undefined

In general, the symbol ¥b is an alternative way of writing b'/", the principal nth
root of b. Of course, we must apply the same restrictions to ¥/b that we established
for b/". In summary:

W"b=b""=gq  wherea"=b
with these restrictions:
e ifniseven and b <0, ¥/b is not a real number;

e ifniseven and b= 0, Vb is the nonnegative number a satisfying a” = b.
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Many students are accustomed to writing V4 = +2. This is incorrect since the
symbol Y indicates the principal square root, which is nonnegative. Get in :
© the habit of writing y/4 = 2. If you want to indicate all square roots of 4, write
P a/4 =42, :

In short, /b is the radical form of b'/". We can switch back and forth from one
form to the other. For instance,

Y7=7% anp'F=y11

Finally, we treat the radical form of b™" where m is an integer and 7 is a posi-
tive integer as follows:

bm/n _ (bm)l/n _ W

b = (p/mm = (4p)"

and

Thus
82/3 — (82)1/3 — W
— (8" = (V8

(Check that the last two expressions have the same value.)

EXAMPLE 3 Radicals and Rational Exponents

Change from radical form to rational exponent form or vice versa. Assume all
variables are nonzero.

a. (2x)7%2, x>0 b. 7;4
c. (=3a)¥7 d. yx*>+y?
SOLUTION
_ 1 1 1 1 -
a. (2x)7?= (2x )/ - 8x° b. - i - }/4/7 =Y 7

c. (=307 =¥-274° d. Jx2+y? = (3% + 212



— (%’ Progress Check

a. ¥2rsd b. (x +y)%?

Answers

a. (2r)V/4s3/4

b. J(x+y)

L

Change from radical form to rational exponent form or vice versa. As-
sume all variables are positive real numbers.

—5/4

c.y

1
4lys

C.

)
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Since radicals are just another way of writing exponents, the properties of
radicals can be derived from the properties of exponents. In Table 1-12, n is a posi-

tive integer, a and b are real numbers, and all radicals are real numbers.

TABLE 1-12 Properties of Radicals

Example Property

YE = (ET =4 Y57 - (45"
V4/9=/36=6 Ya¥'b =¥ab

V8 /8 _2 Ya _,
=23 =5

V(=2 =-2 Ya" = aif nis odd
Y(=2y =|-2|=2 Va" = |a| if n is even

Here are some examples using these properties.

EXAMPLE 4  Operations with Radicals

Simplify.
a. /18 b. ¥/-54 c. 2Y8x%y
SOLUTION

a. /18 =y/9-2=/9/2=3y2

d. /xb

b. ¥/-54 =3(-27)(2)=%¥-27%2=-3%2
c. 2¥8x3y =2¥8 ¥x3 3y = 2(2) (x)¥y = 4x¥y
d. Vx0=yx2 /X2 X2 =[xl x| - Ix] = |x?
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: The properties of radicals state that
‘ Vx? =1

It is a common error to write x/? = x. This can lead to the conclusion that
 y/(=6)* = —6. Since the symbol a represents the principal, or nonnegative, :
¢ square root of a number, the result cannot be negative. It is therefore essential
i to write vx? = |x| (and, in fact, ¥/x" = |x| whenever n is even) unless we know
that x > 0, in which case we can write x/? = Xx.

Simplifying Radicals

A radical is said to be in simplified form when the following conditions are satisfied:
1. ¥Ybp" hasm<n;

2. ¥b™ has no common factors between m and n;

3. A denominator is free of radicals.

The first two conditions can always be met by using the properties of radicals and
by writing radicals in exponent form. For example,

V= x = 5 = a5
Uxt=x¥o=x2P =Y

The third condition can always be satisfied by multiplying the fraction by a

properly chosen form of unity, a process called rationalizing the denominator. For ex-
ample, to rationalize %3 we proceed as follows:

1 _1 Y3_4Y3 _V3

NI B O

In this connection, a useful formula is
(Vm+yn)Vm—yn)=m—n

which we will apply in the following examples.

and

EXAMPLE 5 Rationalizing Denominators

Rationalize the denominator. Assume all variables denote positive numbers.

4 5 5

a.\/% b.m C.—&+2 d'ﬁ
SOLUTION
aﬁzﬂ_ﬁ,ﬂzﬁzﬁ

R T T

4 4 5+y2 _A(/5+V2)_4
b ST a VS vz Vsiv2 5.2 352

5 5  Jx=2_ 5(/x-2)

Jx+2  Jx+2 Jx-2 x—4

d 5 __ 5 wx 2 _Syx+2
Cx+2 x+2 Jx+2  xt2
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— <¢’ Progress Check —

Rationalize the denominator. Assume all variables denote positive numbers.
—9xy’ b, =6 o 4
V3xy " /2+Y6 Cx =y
Answers
4(Vx+
a. —3y%/3xy b. %(«/E —/6) c. (Xfyﬁ/)
\ =

There are times in mathematics when it is necessary to rationalize the numerator
instead of the denominator. Although this is in opposition to a simplified form,
we illustrate this technique with the following example. Note that if an expression
does not display a denominator, we assume a denominator of 1.

EXAMPLE 6 Rationalizing Numerators

Rationalize the numerator. Assume all variables denote positive numbers.

a. 5(/5+/2) b, X103

Vx=2

c. Jyx+4 d T3
SOLUTION

4 VS—vy2 _4 (5-2) 4
2 3SR e T3 (D) Vv

See Example 5(b).

b X=Y3 x+V3 _ x*-3
Cxt4 x+/3 0 (x+4)(x+43)

c x/;+4_«/;—4:x—16
o1 Jx—4 Jx—4

g Yx=2 Yx+2  x-4 1
Cx—4 x+2 (x—4)Wx+2)  Yx+2’

X#4
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EXAMPLE 7  Simplified Forms with Radicals

Write in simplified form. Assume all variables denote positive numbers.

a.‘{/? b.\/g c.\é/g
SOLUTION
b.@:@:@@:h@:h@ vy _2x/2xy

vy Jy vyl Y

Cﬁ;@:ﬁzﬁﬁﬂﬁw
S T T A

— (/’ Progress Check —

Write in simplified form. Assume all variables denote positive numbers.
18x° X —2xy*
a. v75 b. ./ —— c. yab*c d. ——=
1/_ y 4/32X3y5
Answers
3x°y2

a. 5/3 b. xfﬁ c. b2 abce d. —%4«/8)@/3
\ R

1.7d Operations with Radicals

We can add or subtract expressions involving exactly the same radical forms. For

example,
2/2+3y2=5y2
since
2V2+3y2=(2+3)y2=5/2
and

3YxPy —7Yx*y = —4yx%y

EXAMPLE 8 Addition and Subtraction of Radicals

Write in simplified form. Assume all variables denote positive numbers.

a. 75 + 443 -9y/5 b. ¥x%y —%@—33‘/)(2)/—%4@

SOLUTION
a. 7¢/5 +4/3 -9/5=-2/5+4/3

b, Yy = 3 — 34y + 4y =20 + Gy
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V9 + V16 # 25

You can perform addition only with identical radical forms. Adding unlike radicals
: is one of the most common mistakes made by students in algebra! You can easily verify :
: that

: VoO+y/16=3+4=7

The product of ¥a and ¥/'b can be readily simplified only when m = n. Thus,

but

cannot be readily simplified.

EXAMPLE 9 Multiplication of Radicals
Multiply and simplify.

23 xp? - ¥ x?y? b. ¥a’byaby ab?

SOLUTION
a. 2¥xy? - Yx2y? =2¥x3y =204y b. Ya?byaby ab? =3/ a*p Jab
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Exercise Set 1.7

In Exercises 1-12, simplify, and write the answer
using only positive exponents.

1. 1634 2. (-125)7'3
3. (—64)7%3 4. VA3
2X1/3 y_2/3
X—3/4 6‘ }/1/5
S (232 12543
x2/3 © 12523
9. (X1/3y2)6 10. (X6y4)—1/2

15 3/5 18 2/3
om0 el

In Exercises 13-18, write the expression in radical
form.

2/5
13. (%) 14. 23
15. a** 16. (—8x2)%°
—3/2
17. (12x%y 223 18. (§x2y)

In Exercises 19-24, write the expression in expo-
nent form.

19. ¥/83 20. /32
1 1
21. a7 22. 7
23. 1 24. Y2423
4 %a3

In Exercises 25-33, evaluate the expression.

25. /3 26, |5

27. ¥-81 28. g/%
29. /(57 30. (‘Tl)z

ES, 2 (-3
33. (14.43)%?

In Exercises 34-36, provide a real value for each
variable to demonstrate the result.

34, /x> #x 35. X2+ )2 £x+y
36. Vxy/y #xy

In Exercises 37-56, write the expression in sim-
plified form. Every variable represents a positive
number.

37. /48 38. /200

39. ¥/54 40. /x®
41. 3y’ 42. Yp'
43. Y96x° 44, Jx>y*
45. /x%y? 46. ¥24b"0cM
47. Y16x8y° 48. /20x°y" z*
1 _4
49. /3 50. = JiT
1 2
51, —— 52. \F
V3y Y
4x? 8a’b?
53. =2— 54.
J2x 2y2b
55. ¥/x%y’ 56. 48x8y° 7%
In Exercises 57-66, simplify and combine terms.
57.2/3 +5/3 58. 4¥11 — 6311
59. 3y/x +4y/x 60. 3Y2+5/2—2/2

61. 24/27 + /12 — /48
62. /20 — 445 + /80
63. /40 + /45 — Y135 +2,/80

64. 2abc — 3 8abc+4/aTbC
65. 2/5 —(3/5+44/5)
66. 24/18 —(3/12—24/75)

In Exercises 67-74, multiply and simplify.
67. V3(y3+4) 68. V8(v2-y3)

69. 33/ x%y3/xy? 70. —43/x2p33/x*y?
71. (Y2—y3)

72. (V8 -2y2)(V2+248)

- (V3x+y2p )(V3x —24/2y)

74, (¥V2x+3)(¥2x—3)

7

w

In Exercises 75-86, rationalize the denominator.

3 -3
75. 76.
/243 J7-9
77. - =2 78, —3

V/3-4 " Yx=5



-3 4
79. ——— )
3/at1 8- 5"
-3 V3
81, —— 82.
5+,/5y V3-5
V2+1 V5+43
83. 84.
V2-1 V53
g5, Y6 V2 86, —-2Va__
" V32 T V2x+yy
In Exercises 87-90, rationalize the numerator.
87. Y12 - /10 8&—%2%;
Vx—4 2—Jx+1
89 To—x R E

In Exercises 91 and 92, provide real values for x and
y and a positive integer value for n to demonstrate

the result.
91. Yx +y/y #4/x+y 92. WX"+y " #£x+y

93. Find the step in the following “proof” that is
incorrect. Explain.

2=y4=/(-2)(-2)=y-2/2=-2

94. Prove that |ab| = |a||b|. (Hint: Begin with
lab| = y/(ab)*.)

95. Simplify the following.

a. Vx/xix
o JTig- Y12

2

b. (Xl/z o Xfl/Z)Z

d f/ 34+3%+34
"V st+sta st stest

1/2 1/2

—5x%(1+x2)
1+x?

5(14+x2)

96. Write the following in simplest radical form.

a. ya?+c? b. 1*(%)2

C. ./x+%+2

97. The frequency of an electrical circuit is given by
1 /L,
27y ¢ t¢,

Make the denominator radical free. (Hint: Use the
techniques for rationalizing the denominator.)

98.
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Use your calculator to find v 0.4, /0.04,
v 0.004, ¥/0.0004, and so on, until you see a
pattern. Can you state a rule about the value of

/_a_

10"
where a is a perfect square and 7 is a positive
integer? Under what circumstances does this

expression have an integer value? Test your
rule for large values of n.
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The Foundations of Algebra

1.8 Complex Numbers

One of the central problems in algebra is to find solutions to a given polynomial
equation. This problem will be discussed in later chapters of this book. For now,
observe that there is no real number that satisfies a polynomial equation such as

x2=—4
since the square of a real number is always nonnegative.

To resolve this problem, mathematicians created a new number system built

upon an imaginary unit j, defined by i = y—1. This number i has the property that

when we square both sides of the equation we have i> = —1, a result that cannot

be obtained with real numbers. By definition,

i=y-1
i*=-1
We also assume that i behaves according to all the algebraic laws we have al-

ready developed (with the exception of the rules for inequalities for real numbers).
This allows us to simplify higher powers of i. Thus,

B=.i=(-1)i=—i
=2 2=(-1(-1)=1

Now we may simplify i when # is any natural number. Since i* = 1, we seek the
highest multiple of 4 that is less than or equal to n. For example,

P=iti=(1)-i=i

Imaginary Uniti
Simplify.

a. ! b. —i’*

SOLUTION

a. Sl=i . P=(H2. =12 #=p

b. _i74 — _l'72 . 1-2 — _(i4)18 . l'Z — _(1)18 . l'Z — _(1)(_1) =1

We may also write square roots of negative numbers in terms of i. For example,
vY—25=1iy25 =15i
and, in general, we define

J—a=iJa for a>0

Any number of the form bi, where b is a real number, is called an imaginary number.



H v _4V -9 # 1/%
The rule va - Vb = yab holds only when a > 0 and b > 0. Instead, write
: V—4y-9 =2i-3i=6i*=—6.

Having created imaginary numbers, we next combine real and imaginary
numbers. We say that a + bi is a complex number where a and b are real numbers.
The number a is called the real part of a + bi, and b is called the imaginary part. The
following are examples of complex numbers.

. . . 4 1.
3+2i 2—-i 2 Ftgi
Note that every real number a can be written as a complex number by choosing
b= 0. Thus,
a=a+0i

We see that the real number system is a subset of the complex number system.
The desire to find solutions to every quadratic equation has led mathematicians
to create a more comprehensive number system, which incorporates all previous
number systems. We will show in a later chapter that complex numbers are all
that we need to provide solutions to any polynomial equation.

Complex Numbers a + bi
Write as a complex number:
a. —% b. v-9 c. —-1—vy—4
SOLUTION
a. —+=—1+o0i b. y=9 =iy9 =3i=0+3i

c. —1—y/—4=-1-i/ad=-1-2i

Do not be concerned by the word “complex.” You already have all the basic
tools you need to tackle this number system. We will next define operations with
complex numbers in such a way that the rules for the real numbers and the imagi-
nary unit i continue to hold. We begin with equality and say that two complex
numbers are equal if their real parts are equal and their imaginary parts are equal;
that is,

a+bi=c+di if a=c and b=d

1.8 Complex Numbers M 65
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EXAMPLE 3  Equality of Complex Numbers
Solve the equation x + 3i = 6 — yi for x and y.
SOLUTION

Equating the real parts, we have x = 6; equating the imaginary parts, 3 = —y or
y=-3.

Complex numbers are added and subtracted by adding or subtracting the real
parts and by adding or subtracting the imaginary parts.

Addition and Subtraction of Complex Numbers
(a+bi)+ (c+di)=(a+c)+ (b+d)i
(a+bi)—(c+di)=(a—c)+ (b—d)i

Note that the sum or difference of two complex numbers is again a complex number.

EXAMPLE 4 Addition and Subtraction of Complex Numbers
Perform the indicated operations.

a. (7—2i)+ (4 — 3i) b. 14 — (3 — 8i)
SOLUTION

a. (7-2)+@4-3))=7+4)+(-2-3)i=11-5i

b. 14—-(3-8i)=(14—3) +8i=11+8i

— ( ’ Progress Check —
Perform the indicated operations.
a. (-9 +3i) + (6 — 2i) b. 7i — (3 + 9i)
Answers
a. —3+i b. =3 -2i
\ I—

We now define multiplication of complex numbers in a manner that permits
the commutative, associative, and distributive laws to hold, along with the defini-
tion ## = —1. We must have

(a+ bi)(c+ di) = a(c + di) + bi(c + di)
=ac + adi + bci + bdi*
=ac + (ad + bc)i + bd(—1)
= (ac — bd) + (ad + bc)i

The rule for multiplication is

Multiplication of Complex Numbers
(a+ bi)(c + di) = (ac — bd) + (ad + bc)i
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This result demonstrates that the product of two complex numbers is a complex
number. It need not be memorized. Use the distributive law to form all the prod-
ucts and the substitution i* = —1 to simplify.

EXAMPLE 5 Multiplication of Complex Numbers
Find the product of (2 — 3i) and (7 + 5i).

SOLUTION
(2 = 3i)(7 + 5i) = 2(7 + 5i) =3i(7 + 5i)
=14+ 10i — 21i — 15/
=14 —11i—15(-1)
=29 —11i

— <«’ Progress Check —

Find the product.
a. (=3 —i)(4—2i) b. (—4 —2i)(2 — 3i)
Answers
a. —14 +2i b. —14 + 8i
\ -

The complex number a — bi is called the complex conjugate, or simply the con-
jugate, of the complex number a + bi. For example, 3 — 2i is the conjugate of
3 + 2i, 4i is the conjugate of —4i, and 2 is the conjugate of 2. Forming the product
(a + bi)(a — bi), we have

(a + bi)(a — bi) = a* — abi + abi — b**
=a’*+Db*> sincei*=-1

Because a and b are real numbers, a® + b? is also a real number. We can summarize
this result as follows:

The Complex Conjugate for Multiplication
The complex conjugate of a + bi is a — bi. The product of a complex num-
ber and its conjugate is a real number.

(a + bi)(a — bi) = a® + b*

Before we examine the quotient of two complex numbers, we consider the
reciprocal of a + bi, namely, ﬁ. This may be simplified by multiplying both nu-
merator and denominator by the conjugate of the denominator.

1 ( 1 )(a—bi)_ a—Dbi a b

a+bi \a+biNa=bi)~ g23p? ~ @2+1p*  2+b*'
In general, the quotient of two complex numbers
a+ bi
c+di

is simplified in a similar manner, that is, by multiplying both numerator and de-
nominator by the conjugate of the denominator.

67
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atbi _a+tbi c—di

c+di  c+di c—di

(ac+bd)+(bc—ad)i
c?+d?

_ac+bd bc—adi
c+d> P+ d?

Division of Complex Numbers

atbi _actbd  bc—ad;
ctdi  2+d%  P+ad?

Z+d*>+0

This result demonstrates that the quotient of two complex numbers is a complex
number. Instead of memorizing this formula for division, remember that quo-
tients of complex numbers may be simplified by multiplying the numerator and
denominator by the conjugate of the denominator.

EXAMPLE 6 Division of Complex Numbers

a. Write the quotient _32:“ 23ii in the form a + bi.

b. Write the reciprocal of 2 — 5i in the form a + bi.

SOLUTION

a. Multiplying numerator and denominator by the conjugate of the denomina-
tor, 3 + 2i, we have

—2+3i _ —2+3i 3+2i _—6—4i+9i+6i> _ —6+5i+6(-1)

3-2i  3-2i 3+2i 32492 914
_—1245i 12, 5 .
=713 -~ 13 T13!

b. The reciprocal is ﬁ Multiplying both numerator and denominator by the
conjugate 2 + 5i, we have

1 2+5i_ 2+5i _2+5i_ 2 5.
2-51 2+5i 22452 29 29 29

Verify that
2 5.
(2 5i) 55 + i) =1

— <¢’ Progress Check —

Write the following in the form a + bi.

@ 55 b 7 ¢ 375
Answers

a. 25 - 13 b H+55i ¢ —3 - 2
&
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Exercise Set 1.8 Teessssss—————————————

Simplify in Exercises 1-9.

1. % 2. i
3. % 4, —>4
5. =3 6. i1
7. % 8. —i%
9. —i?%

In Exercises 10-21, write the number in the form
a + bi.

3
10. 2 1. -3

12. -03 13. /=25

14. —/=5 15. —/—36

16. —/—18 17. 3 — y/—49
18. =3 — =72 19. 0.3 — /—98
20. —0.5 + /=32 21. —2— /-1

In Exercises 22-26, solve for x and y.
22. (x+2)+(2y—1)i=—-1+5i

23. (3x—1)+ (y+5)i=1-3i
24. (gx+2)+ @By -2)i=4-7i
25. (2y+1) — (2x— 1)i = —8 + 3i
26. (y—2)+(5x—3)i=5

In Exercises 27-42, compute the answer and write
it in the form a + bi.

27. 2i+(3—1i) 28. —3i+ (2 — 5i)

29. 2+ 3i+ (3 - 2i) 30. (3—21’)—(2+%i>
31, -3 —5i— (2 i) 32. (%—')+(1—%i>
33, —2i(3 + i) 34. 3i2 — i)

35, i<—%+i> 36. %(42_1')

37. (2—=i)(24+1) 38. (5+i)(2—3i)

39. (2 2i)(-4—3i)  40. (2+ 5i)(1 — 3i)
41. (3-2i)(2—i) 42. (4 - 30)(2 + 3i)

In Exercises 43-48, multiply by the conjugate and
simplify.

43. 2—i 44. 3+i
45. 3+ 4i 46. 2 —3i
47. —4—2i 48. 5+ 2i

In Exercises 49-57, perform the indicated opera-
tions and write the answer in the form a + bi.

49. 2131 50. %
53. 32 54. 23__3ii
55, 2151 s6. 221
57. 55

In Exercises 58-64, find the reciprocal and write the
answer in the form a + bi.

58. 3+ 2i 59. 4+ 3i
1
60. ——1 6l. l—gl
62. —7i 63. —5i
3—i
6% 3520

In Exercises 65-68, evaluate the polynomial
x* — 2x + 5 for the given complex value of x.

65. 1+2i 66. 2 —i
67.1—i 68. 1—2i

69. Prove that the commutative law of addition
holds for the set of complex numbers.

70. Prove that the commutative law of multiplica-
tion holds for the set of complex numbers.

71. Prove that O + 0Oi is the additive identity and
1 + 0i is the multiplicative identity for the set
of complex numbers.

72. Prove that —a — bi is the additive inverse of
the complex number a + bi.

73. Prove the distributive property for the set of
complex numbers.

74. For what values of x is vx — 3 a real number?
75. For what values of y is /2y — 10 a real number?
76. Perform the multiplications and simplify.

a. (x +yi)(x —yi) b. (1—-1)°

¢ (1-y3)°

d. [x—(2+5)]x— (2 —5i)]

77. Mathematics in Writing: Consider the addition
and the multiplication of complex numbers.
How does i differ from a variable like x? If you
always treat i as though it is a variable, at what

step in the procedures of addition or multipli-
cation would you run into trouble?
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Chapter Summary

Key Terms, Concepts, and Symbols |
absolute value, | | 12 factoring 27 principal square root 55
algebraic expression 17 imaginary number 64 radical form 56
algebraic fraction 37 imaginary part 65 radical sign, a 55
algebraic operations 17 imaginary unit i 64 rational expression 37
base 17 inequalities 11 rational numbers 3
cancellation principle 38 inequality symbols, <, >, <, > 11 rationalize the numerator 59
coefficient 19 integers 3 rationalizing the
complex conjugate 67 irrational numbers 3 denominator 58
complex fraction 42 irreducible polynomial 34 real number line 10
complex number 65 leading coefficient 19 real numbers 3
constant 17 least common real part 65
constant term 19 denominator (LCD) 39 scientific notation 48
degree of a monomial 19 like terms 20 set 2
degree of a polynomial 19 member of a set, € 2 set notation 2
Distance on the Real monomial 18 simplified form of a radical 58
Number line 14 natural numbers 3 subset 2
element of a set, € 2 nonnegative numbers 10 term 19
equality 5 nth root 53 value 17
equivalent fractions 41 origin 10 variable 17
evaluated 17 polynomial 18 zero polynomial 19
exponent 17 power 17
factor 27 prime polynomial 34
Key Ideas for Review .

Topic Page Key Idea
Set 2
The Set of Real Numbers 3

A set is a collection of objects or numbers.

The set of real numbers is composed of the rational and irrational numbers.
The rational numbers are those that can be written as the ratio of two in-
tegers, %, with g # O; the irrational numbers cannot be written as the ratio
of two integers.

Properties 5 The real number system satisfies a number of important properties,
including:
closure commutativity associativity
identities inverses distributivity
Equality 5 If two numbers are identical, we say that they are equal.
Properties 6 Equality satisfies these basic properties:
reflexive property symmetric property
transitive property substitution property
Real Number Line 10 There is a one-to-one correspondence between the set of all real numbers

and the set of all points on the real number line. That is, for every point on
the line there is a real number, and for every real number there is a point
on the line.

continues



Topic
Inequalities

Operations

Absolute Value

Distance

Polynomials

Operations

Factoring

Rational Expressions

Exponents

Scientific Notation

Radicals

Principal nth Root

Simplifying

Complex Numbers

Chapter Summary H 71

Page Key Idea

11

12

12

14

18

20

27

37

45

48

55

53

58

64

Algebraic statements using inequality symbols have geometric interpreta-
tions using the real number line. For example, a < b says that a lies to the left
of b on the real number line.

Inequalities can be operated on in the same manner as statements involv-
ing an equal sign with one important exception: when an inequality is
multiplied or divided by a negative number, the direction of the inequality
is reversed.

Absolute value specifies distance independent of direction. Four important
properties of absolute value are:

lal >0

la| = [—al
la—b|=|b~—al
lab| = |al|D|

The distance between points A and B whose coordinates are a and b, respec-
tively, is given by

AB =|b—a|
Algebraic expressions of the form

ax"+a,_ X"+ +ax+a,

are called polynomials.
To add (subtract) polynomials, just add (subtract) like terms. To multiply
polynomials, form all possible products, using the rule for exponents:

amat = g"tn
A polynomial is said to be factored when it is written as a product of poly-
nomials of lower degree.
Most of the rules of arithmetic for handling fractions carry over to rational
expressions. For example, the LCD has the same meaning except that we deal
with polynomials in factored form rather than with integers.
The rules for positive integer exponents also apply to zero, negative integer
exponents, and, in fact, to all rational exponents.
A number in scientific notation is of the form

+ax 10™

where 1 < a < 10 and m is some integer.
Radical notation is another way of writing a rational exponent. That is,

% — bl/n
If n is even and b is positive, there are two real numbers a such that b'/" = a.
Under these circumstances, we insist that the nth root be positive. That is,
%b is a positive number if n is even and b is positive. Thus 16 = 4. Simi-
larly, we must write

Va2 =]

to ensure that the result is a positive number.
To be in simplified form, a radical must satisfy the following conditions:

Yx™ has m < n.

/%™ has no common factors between m and n.

The denominator has been rationalized.
Complex numbers were created because there were no real numbers that
satisfy a polynomial equation such as

X¥+5=0
continues
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Topic Page Key Idea
Imaginary Unit i 64

Using the imaginary unit i =y —1, a complex number is of the form a + bi,

where g and b are real numbers; the real part of a + bi is a and the imaginary

part of a + bi is b.

Real Number System 65 The real number system is a subset of the complex number system.

Review Exercises

In Exercises 1-3, write each set by listing its ele-

ments within braces.
1. The set of natural numbers from —5 to 4,
inclusive

2. The set of integers from —3 to —1, inclusive

3. The subsetof x €S, $={0.5, 1, 1.5, 2} such
that x is an even integer

For Exercises 4-7, determine whether the statement
is true (T) or false (F).

4. /7 is a real number.

5. —35 is a natural number.
6. —14 is not an integer.
7

. 01is an irrational number.

In Exercises 8-11, identify the property of the real
number system that justifies the statement. All
variables represent real numbers.

8. 3a+(-3a)=0
9. (34+4)x=3x+4x
10. 2x+2y+z=2x+z+2y
11. 9x - 1 =9x
In Exercises 12-14, sketch the given set of numbers
on a real number line.
12. The negative real numbers
13. The real numbers x such that x > 4
14. The real numbers x such that -1 <x <1
15. Find the value of |[-3| — |1 — 5].

16. Find PQ if the coordinates of P and Q are 5
and 6, respectively.

17. A salesperson receives 7.25x + 0.15y dollars,
where x is the number of hours worked and
y is the number of miles driven. Find the
amount due the salesperson if x = 12 hours
and y = 80 miles.

18. Which of the following expressions are not
polynomials?
a. —2x)> + X%y b. 3*+2b—6

1

. x V24552 d. 7.5x*+3x — 7)(0

In Exercises 19 and 20, indicate the leading coef-
ficient and the degree of each polynomial.

19. —0.5x” +6x3 -5 20. 2x% + 3x* = 7x°

In Exercises 21-23, perform the indicated operations.
21. (3a°b* — a’b + 2b — a) — (2a°b* + 2a°h — 2b — q)
22. x(2x—1)(x+2)

23. 3x(2x + 1)?

In Exercises 24-29, factor each expression.
24. 2x* -2 25. x* — 25)?

26. 2a> +3ab+ 6a+9b 27. 4x*+19x -5
28. x°—1 29. 277 + 8s°

In Exercises 30-33, perform the indicated opera-
tions and simplify.
l4(y—1) 9(x+y)
3(x2—y?)  —7xp?
4-x*> . x—2
2% 7 3y
x>—2x—3 . x*—4x+3
2x*—x  3x*—3x?
a+b a’*—4b*
at2b  g%2—p?

30.

31.

32.

33.

In Exercises 34-37, find the LCD.

-1 2 3
300 Poa %2
4 5 -3
35 %0 x2=x" (x—1)>
2 -4 x+2
36. (X_l)yr yZI s(x_l)z
y—1 x—2 3x

37. x2(y+1) 2xy—2x" 4y’ +8y+4

In Exercises 38-41, perform the indicated opera-
tions and simplify.

4 3 2
.2+ . -
38. 2 274 39 16 x-4
32 1
x+2 x—1 2 X
40.T 41. x +—l

X_X



In Exercises 42-50, simplify and express the an-
swers using only positive exponents. All variables
are positive numbers.

42. (24’33 43. 2(a*-1)°
3 \74/3 3+
44, (%) 45. "xn"
2
46. /80 47, —=—
V80 12
48. Jx7y? 49. ¥32x%y°
Jx
50. ———
Vx+y
51. Compute
(5.10x 107)(3.45x 1072)
7.10 x 10*

to three decimal places and express the answer
in scientific notation.

52. Rationalize the numerator for

Sy
xX—y

In Exercises 53 and 54, perform the indicated op-
erations. Simplify the answer.

53. x%p% + 24/x%)? 54. (V3+y/5)

55. Evaluate the given expressions using your

calculator.
a. 12-3 b. |(~4)* - 5°|
c. V8 d. =8
J’_
e. Y27 f. |2_7f|
g. %/Z+\/% h. Y0.5
4
i (%) j. 9%

56. Solve for x and y:
x=2)+@2y—1)i=—4+7i

57. Simplify i*’.

In Exercises 58-61, perform the indicated opera-
tions and write all answers in the form a + bi.

58. 2+ (6 —1i) 59. (2 +1)?

4—3i

60. (4 —3i)(2 + 3i) 61. ¥ 3
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62. Perform the indicated operations.

a. Combine into one term with a common
denominator
1,11
atptc
b. Simplify the quotient
1,1
R
1,1
cta
63. Dan, at 200 pounds, wishes to reduce his
weight to 180 pounds in time to attend his
college reunion in 8 weeks. He learns that it
takes 2400 calories per day to maintain his
weight. A reduction of his caloric intake to
1900 calories per day will result in his losing
weight at the rate of 1 pound per week. What
should his daily caloric intake be to achieve
this goal?

64. The executive committee of the student gov-
ernment association consists of a president,
vice-president, secretary, and treasurer.

a. In how many ways can a committee of
three persons be formed from among the
executive committee members?

b. According to the by-laws, there must be
at least three affirmative votes to carry a
motion. If the president automatically has
two votes, list all the minimal winning
coalitions.

65. If 6 children can devour 6 hot dogs in 55 of
an hour, how many children would it take to
devour 100 hot dogs in 6000 seconds?

66. A CD player costs a dealer $16. If he wishes to
make a profit of at least 25% of his cost, what
must be the lowest selling price for the player?

67. Find the area of the shaded rectangle.
4x

4x

2y
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68. An open box is to be made from a 4 feet x 5 feet
piece of tin by cutting out squares of equal size
from the four corners and bending up the flaps
to form sides. Find a formula for the volume
in terms of s, the side of the square. Write the
inequality that describes the restriction on s.

69. Compute the following products:
a. (x=p+xy+)p)
b. (x—y) (X +x%+x2+)%)
e x—pE*+x3y+x2+x°+yh)
70. Using Exercise 69, find a general formula that

allows you to factor x" — y", where n is a posi-
tive integer.

71. In ancient Alexandria, numbers were multi-
plied by using an abacus as follows:

19 x 28 =(20 - 1)(30 - 2)
=(20)(30) — (20)(2) =30 + 2
=600—-40—-30+2
=532

Set up a comparable sequence of steps for
13 x17.

72. Find two ways of grouping and then factoring
ac + ad — bc — bd.

73. The following calculation represents a sum. If
each letter represents a different digit, find the
appropriate correspondence between letters
and digits so that the sum is correct.

FORTY
TEN
TEN

SIXTY

74. A natural number is said to be perfect if it is
the sum of its divisors other than itself. For
example, 6 is the first perfect number since
6 =1+ 2 + 3. Show that 28 is the second per-
fect number.

Every number of the form 27~ 1(2” — 1), where
2P — 1 is prime, is an even perfect number.
(Check your answer when p = 2.) Find the
third and fourth even perfect numbers. The
ancient Greeks could not find the fifth even
perfect number. See if you can.

75.

76.

77.

78.

79.

80.

The speed of light is 3 x 10® meters per
second. Write all answers using scientific
notation.

a. How many seconds does it take an ob-
ject traveling at the speed of light to go
1 x 10%° meters?

b. How many seconds are there in 1 year of
365 days?

c. Write the answer to part (a) in years. (This
answer is the approximate age of the
universe.)

Write v/ x+ v x +4/x using exponents.
Determine if (y'5 — /24 )2 and (v2 —v/3)* have

the same value.

The irrational number called the golden ratio
J5+1

2
has properties that have intrigued artists, phi-
losophers, and mathematicians through the
ages. Show that T satisfies the identity
1

T:1+T

Rationalize the numerator in the following:

T=

Jx+h+1-yx-1
a. 7

b \/3+x—x/§
: X

In alternating-current theory, the

current I (amps), voltage V (volts), and
impedance Z (ohms) are treated as com-
plex numbers. The formula relating these
quantities is V=1Z. If I = 2 — 3i amps and
Z =6+ 2i ohms, find the voltage across this
part of the circuit.



Review Test

In Problems 1 and 2, write each set by listing its ele-
ments within braces.

1. The set of positive, even integers less than 13
2. Thesubsetof xS, S={-1, 2,3, 5, 7}, such
that x is a multiple of 3
In Problems 3 and 4, determine whether the state-
ment is true (T) or false (F).
3. —1.36 s an irrational number.
4. misequal to %
In Problems 5 and 6, identify the property of the

real number system that justifies the statement. All
variables represent real numbers.

5. xp(z+1)=(z+ 1)xy

6. (—6)<—%): 1

In Problems 7 and 8, sketch the given set of num-
bers on a real number line.

7. The integers that are greater than —3 and less
than or equal to 3

8. The real numbers x such that -2 < x < %

9. Find the value of |2 — 3| — |4 — 2|.

10. Find AB if the coordinates of A and B are —6
and —4, respectively.

11. The area of a region is given by the expres-
sion 3x* — xy. Find the area if x = 5 meters and
y = 10 meters.
12. Evaluate the expression
—ly—2x]
|y
ifx=3andy=-1.

13. Which of the following expressions are not

polynomials?
a. x° b. 5x7 Yy +3x%—y
c. 4x3+x d. 2x*+3x°

In Problems 14 and 15, indicate the leading coef-
ficient and the degree of each polynomial.

14. —2.2x° + 3x% — 2x 15. 14x°—2x+1

Writing Exercises

1. Evaluate (8)(1.4142) and (8)(y/2). Are these
results close to one another? Why?

2. Discuss the need for the complex number
system.
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In Problems 16 and 17, perform the indicated
operations.

16. 3xy+2x+3y+2—(1—y—x+=xp)
17. (a+2)(3a>—a+5)

In Problems 18 and 19, factor each expression.
18. 8a’b® — 12a°b* + 16a°b
19. 4 — 9x*

In Problems 20 and 21, perform the indicated op-
erations and simplify.

4 4
m* . (m* _n
20. 21 .(9n zmg)

16—-x* x—1
x>—-3x—4 xt4
22. Find the LCD of

—1 2 3
2x> 4x>—4 x—2

21.

In Problems 23 and 24, perform the indicated op-
erations and simplify. .
2 —
2x S x+1
23. X2*9+3X+9 24. — 7

In Problems 25-28, simplify and express the an-
swers using only positive exponents.

X7/2 -6 yZn
25. (W) 26. ~=
27, ——1 _ 28. (2a%p™)?

(x-1)
In Problems 29-31, perform the indicated operations.

29. 3%24 — 281 30. (V7 —5)
1 X
31. 54/ — /Oy

32. For what values of x is 2 — x a real number?

In Problems 33-35, perform the indicated opera-
tions and write all answers in the form a + bi.
33. (2—i)+ (=3 +1) 34. (5+2i)(2—3i)

5+2i

35. 5=

3. Compare and contrast the properties of the
complex numbers with those of the real
numbers.

4. Discuss why division by zero is not permitted.
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Chapter 1 Project

Polynomial expressions are used by physicists to study the motion of objects in free fall. Free fall means that
the attraction of gravity is the only force operating on the object. In reality, other forces like air resistance
play a role.

Take a look at Exercises 86 and 87 in Section 1.3 and Exercises 84-86 in Section 1.4. Set up a table for vari-
ous planets or moons in our solar system, and use the Internet or other resources to find the data you need
to write free-fall equations for objects on those worlds. (Hint: The value of a is all you need.) Here are some
values to start you off:

Mars: a = 3.72
Earth: a=4.9

The Moon: a=1.6

All these values are in SI units, so the accelerations given above are in meters per second squared.
Try to redo the Exercises listed above for various planets. Write a paragraph explaining the problem de-
scribed in the chapter opener.





