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CT	PET@ONRTRPTHSMQ?NTONTSN;QKPNGSNRTFQJJSHT@QRLTLQHHSNTDSKQJMTFPKTEN@OK8
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MDPRM9TONHTO;PQHM9TOTDQRFOJJA
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SN;QKPNGSNRATB3RTGO8TOJMPTKSGQNHT8PETPFTRLST�LQJJM�T8PETGPHSJSHTQNT"LOD)
RSKT=
C

C H A P T E R  2

Limits and the
Derivative

I do not know what I may appear to the world, but to myself I seem to
have been only a boy playing on the sea-shore, and diverting my self in
now and then finding a smoother pebble or a prettier shell than ordinary,
whilst the great ocean of truth lay all undiscovered before me.

SIR ISAAC NEWTON (1642–1727)

Taking mathematics from the beginning of the world to the time of New-
ton, what he has done is much the better half.

GOTTFRIED WILHELM VON LEIBNIZ (1646–1716)

(generally credited with having created calculus independently of Newton)

Nature and Nature’s laws lay hid in night:
God said, Let Newton be! and all was light.

ALEXANDER POPE (1688–1744)
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2.1 Two Equivalent Problems


�����������������
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! ! ,4T" =,B9 # 9 <C

5LQMTQMTRLSTMOGSTQHSOTOMTPEKTIPGDERORQPNTPFTO;SKO?STKORSTQNTRLSTIOMSTPFTOTIOKT?PQN?
=/<TGQJSMTQNT6TLPEKM9T:ERTMQNISTQRTOJJP@MTFPKTNS?ORQ;STBPKT�SKPCTHQMDJOISTGSNRT@STIOJJ
QRT(2 /$.97,�B�&22' QMTRLSTO:MPJERST;OJESTPFT;SJPIQR8AC

Remark   
3FTRLST:OJJTQMTKQMQN?THEKQN?TRLSTRQGSTQNRSK;OJT�9<9 9�9THQMDJOISGSNRTQMTRLSTMOGSTOMTHQMRONISTRKO;)
SJSH9TONHTRLSTO;SKO?ST;SJPIQR8TQMTDPMQRQ;SAT3NT?SNSKOJ9TLP@S;SK9TQRTGO8T:STDPMQRQ;S9TNS?ORQ;S9TPK
S;SNT�SKPAT3FT9< ! =A(9TFPKTS2OGDJS9TONHT9 ! >A=9TRLSNT6 < ! ,6A!4TONHT6 ! ,6A!49TMPTRLSTO;SKO?S
;SJPIQR8TQM

! ! <

5LQMTHPSMTNPRTGSONTRLORTRLST:OJJTQMTGPRQPNJSMM�TQNMRSOHTQRTKQMSMTFKPGT6 < ! ,6A!4TRPTQRMTLQ?LSMR
DPQNRTONHTRLSNTFOJJMT:OI0TRPT6 ! ,6A!4A

3RTQMTOJMPT@PKRLTNPRQN?TRLORTRLSKSTQMTNPTGORLSGORQIOJTKSOMPNTRPTKSMRKQIRT9 $ 9<AT3FT@STOJJP@T9 % 9< 9
RLSTRQGSTQNRSK;OJTQMT�99 9<�TQNMRSOHTPFT�9< 9 9�TONHTRLSTO;SKO?ST;SJPIQR8TQM

! !

5LSTKORQPTQMTRLSTMOGSTSQRLSKT@O8A

5LST NS2RT MRSDT MLPEJHT :ST ODDOKSNRAT 5PT GO0ST RLST O;SKO?ST ;SJPIQR8T OT ?PPH
ODDKP2QGORQPNTRPTRLST.0+9509502/-+ (2 /$.97�ORTRQGST9<9T@STILPPMST9�IJPMSTRPT9< BOMTQM
HPNSTQNTOTKOHOKTENQRCAT�PKSTDKSIQMSJ89T@STS;OJEORSTRLST .!.9 PFTO;SKO?ST;SJPIQR8 OMT9
ODDKPOILSMT9<AT#MT8PETIONTMSSTFKPGTPEKTFPKGEJOTFPKTO;SKO?ST;SJPIQR89TRLSTJQGQRTQM

( < ! ,4" =,B9< # 9<C! ,4" 6>9<

�KPDDQN?T RLSTME:MIKQDRT BRLSTPNJ8TDEKDPMSTPFT@LQILT@OMT RPTHQMRQN?EQMLT RLST FQ2SH
QNMRONRT9< FKPGTRLST;OKQO:JSTRQGST9 C9 @STLO;STOTFPKGEJOTFPKTQNMRONRONSTPEMT;SJPIQR8T(
ORTRQGST99 NOGSJ8

( ! ,4" 6>9 ! 6>B>" 9C

5LQMTFPKGEJOTQMTOTDKSIQMSTQNMRKEGSNRTFPKTHQMIEMMQN?TRLSTGPRQPNTPFTRLST:OJJ9TFPKTQR
RSJJMTEMTNPRTPNJ8T6/��85+9�RLST:OJJTQMTGP;QN?TORTON8TRQGST99 :ERTOJMPT.0��659�'.%2$9./0,
5LSTFPJJP@QN?TRO:JSTPFTLSQ?LRMTONHT;SJPIQRQSMTQJJEMRKORSMT@LORT@STGSONA

-LSNT9�! <TRLST:OJJT QMT JSO;QN?TRLST?KPENHT�6�! <CT@QRLTMDSSHT,4TFR&MSI9TGP;QN?
ED@OKHAT �NST MSIPNHT JORSKT QRT LOMT KSOILSHT OT LSQ?LRT PFT 4!T FRT ONHT QMT MRQJJT GP;QN?
ED@OKHT@QRLTMDSSHT6>TFR&MSIAT#RT9�! >TQRTLOMTKSOILSHTQRMTLQ?LSMRTDPQNRTB,4TFRCTONH
LOMTIPGSTRPTOTGPGSNROK8TMRPDAT-LSNT9�! 6TRLST:OJJTQMT:OI0TRPTLSQ?LRT6�! 4!TONHTQM

9 < = > 6 4

6 < 4! ,4 4! <

( ,4 6> < "6> ",4

�RSKGQNOJTDPMQRQPN� " �QNQRQOJTDPMQRQPN�
�JORSKTRQGS� " �SOKJQSKTRQGS�

6< " 6
9< " 9

6 " 6<
9 " 9<

6 " 6<
9 " 9<
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<A>

6 " 6<
9 " 9<
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In using the term “limit” here,
we are leaning on your intu-
ition. The term will be care-
fully defined in the next
section.

GRAPHING CALCULATOR CONCEPTS

Tables

You can reproduce the time-height-
velocity table given in the text using
your calculator’s table feature. 
Simply set the height formula y 1 !

64x " 16x 2 and the velocity formula
y 2 ! 64 " 32x (note that you must
replace the more intuitively named
variables t, h, and v with x and y.)
Now, being sure to set the table prop-
erties to allow you to select your own
values for the input variables, look at
the table and choose the x values 0,
1, 2, 3, and 4. You can go between
these values to refine the table.
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85  .04�@QRLTMDSSHT6>TFR&MSITB:SIOEMSTRLST;SJPIQR8TQMTNS?ORQ;SCAT3RTMRKQ0SMTRLST?KPENH
@LSNT9�! 4T@QRLTMDSSHT,4TFR&MSITBRLSTMOGSTMDSSHT@QRLT@LQILTQRT@OMTRLKP@N9T:ERTRLS
GPRQPNTQMTPDDPMQRSTQNTHQKSIRQPNCA

#T?KODLTPFT6�OMTOTFENIRQPNTPFT9�QMTMLP@NTQNT$Q?EKST!TBNPRTRPT:STIPNFEMSHT@QRLTRLS
DORLTPFTRLST:OJJ9T@LQILTQMTQNTOT;SKRQIOJTMRKOQ?LRTJQNSCAT5LSTFPKGEJOT(�! ,4 " 6>9 QM
NPRLQN?T GPKST RLONT RLST MJPDST PFT RLQMT ?KODL9T OMT @ST IONT ILSI0T :8T RLST GSRLPHM
HSMIKQ:SHTQNTRLSTFQKMRTDOKRTPFTRLQMTMSIRQPNAT$PKTQFT�9 <96<C QMTONTOK:QRKOK8TDPQNRTPFTRLS
?KODLTONHT�996C QMTOTNSOK:8TDPQNR9TRLSTMJPDSTPFTRLSTJQNST�PQNQN?TRLSGTQM

3B9CT! ! ,4T" =,B9 # 9<C

BRLSTO;SKO?ST;SJPIQR8TIPGDERSHTSOKJQSKCAT3RMTJQGQRTOMT9�ODDKPOILSMT9< QMTRLSTMJPDSTPF
RLST?KODLTORTB9<96<C9 NOGSJ8T!B9 < C! ,4" 6>9<AT5LSTMJPDSTORTON8TDPQNRTB996C QMTRLSKS)
FPKST!B9C! ,4" 6>99T@LQILTQMTRLSTFPKGEJOTFPKT;SJPIQR8TORTRQGST9,

n Example 5

1EDDPMSTRLORTONTP:�SIRTQMTGP;QN?TOJPN?TOTIPPKHQNORSTJQNSTBRLST+ O2QMCTQNTMEILTOT@O8
RLORTQRMTDPMQRQPNTORTRQGST9�QMT+ ! &B9C! 9 >A $QNHTOTFPKGEJOTFPKT;SJPIQR8A

Solution

�SRT9 < :STRLSTQNMRONRTORT@LQILT@STOKST?PQN?TRPTIPGDERST;SJPITQR8TONHTMEDDPMSTRLORT
9�$ 9< ,�5LSTO;SKO?ST;SJPIQR8THEKQN?TRLSTRQGSTQNRSK;OJT@QRLTSNHDPQNRMT9< ONHT9�QM

3B9CT! !

! ! ! 9 # 9 <

-LSN 9�ODDKPOILSMT9 <9T3B9C ODDKPOILSMT>9<9TMPTRLST;SJPIQR8TORT9< QMT(B9<C ! >9<AT5LS
MOGSTMRORSGSNRT@QRLPERTME:MIKQDRMTQMTRLORTRLST;SJPIQR8TORTRQGST9�QMT( B9CT! >9A n

5LQMTHSKQ;ORQPNTPFT( B9C ! >9�FKPGTRLSTJO@TPFTGPRQPNT+ ! 9 > QMTGORLSGORTQIOJJ8
QNHQMRQN?EQMLO:JSTFKPGT+2OGDJST>9T@LSKST@STHSKQ;SHTRLSTMJPDST!B:C ! >: FKPGTRLS
S'EORQPNT7 ! : >AT-STGO8TEMSTRLORTFOIRTRPTQNRSKDKSRTRLSTGSONQN?TPFTDPMQRQ;STONHTNS?)
ORQ;ST;SJPIQR8AT-LSNT 9�! "=T 9T FPKTS2OGDJS9T RLST;SJPIQR8T QMT(�! ">AT5LSTNS?ORQ;S
IJPI0TKSOHQN?TQMTNPTDKP:JSG�TQRTQMTJQ0STRLST8SOKT=T�A"ATBMQGDJ8TONTSOKJQSKTRQGSTRLONTRLS
PNST@STILPPMSTRPTIOJJT<CAT�ERT@LORTOKST@STRPTGO0STPFTNS?ORQ;ST;SJPIQR8*

�SIOJJT FKPGT1SIRQPNT=A>T RLORTNS?ORQ;ST+ /&2� BPFTOTMRKOQ?LRT JQNSCTGSONMT RLORT RLS
JQNSTQMTFOJJQN?TFKPGTJSFRTRPTKQ?LRAT3FTRLSTS'EORQPNTPFTRLSTJQNSTQM 7�! !: # *9 RLQMTQGDJQSM
RLOR 7�QMTHSIKSOMQN?TOM :�QNIKSOMSMAT3RTQMT?SPGSRKQIOJJ8TODDOKSNRTBMPGS@LORTLOKHSK
RPTDKP;S
CTRLORTNS?ORQ;STMJPDSTPFTOT$-%(2�GSONMTRLSTMOGSTRLQN?AT5LEMTRLSTDOKO:PJO
7�! : > QMT FOJJQN?T FKPGT JSFRT RPT KQ?LRT OMT@STDOMMT RLKPE?LT RLSTDPQNRT B"=9=CT:SIOEMST
RLSTMJPDSTQMTNS?ORQ;STB!�! ">TOR :�! "=CATB1SST$Q?EKST(ACT5LSTMOGSTMRORSGSNRTO:PER
RLSTJO@TPFTGPRQPNT+ ! 9 > QMTRLORT+ QMTHSIKSOMQN?TOMTRLSTIJPI0TRQI0MTPFFT9�! " =T:SIOEMS
RLST;SJPITQR8TQMTNS?ORQ;STB(�! ">TORT9�! "=CAT1QNIST+ QMTRLSTIPPKHQNORSTPFTONTP:�SIR
GP;QN?TOJPN?TRLST+ O2QM9TRLSTP:�SIRTGEMRT:ST?PQN?TQNTRLSTNS?ORQ;STHQKSIRQPNTPFTRLOR

9> " 9<>
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O2QMAT 1QGQJOKJ89TDPMQRQ;ST;SJPIQR8TGSONMT RLORT RLSTP:�SIRT QMTGP;QN?T QNT RLSTDPMQRQ;S
HQKSIRQPNTPFTRLST+ O2QMA

Figure 9 3NRSKDKSRORQPNTPFTMJPDS

-STGO8TMEGGOKQ�STOMTFPJJP@M�

Suppose that an object is moving along a coordinate line with velocity v at time t. Its speed
is the absolute value of v. Its direction is positive if v ! 0 and negative if v " 0. (If v # 0, 

it has come to a momentary stop.)

-LSNT@ST?SRTRPTRLSTME:�SIRTPFTGPRQPNTQNTOTIEK;S9T8PETMLPEJHTKSGSG:SKT@LOR
@STLO;STMOQHTO:PERT;SJPIQR8TLSKSAT3RMTR@PT'EOJQRQSMTPFTMDSSHTONHTHQKSITRQPNTB@LQILTQN
JQNSOKTGPRQPNTKS'EQKSTNPRLQN?TGPKSTRLONTOTNEG:SKT@QRLTOTMQ?NCT@QJJT:STHSMIKQ:SH
:8T EMQN?T (2$9/%+,�5LST DEKDPMST PFT RLQMT MSIRQPN9T LP@S;SK9T QMTGSKSJ8T RPT S2LQ:QRT RLS
S'EQ;OJSNISTPFTRLSTDKP:JSGTPFTRON?SNRMTONHTRLSTDKP:JSGTPFT;SJPIQR89TQNTDKSDOKORQPN
FPKTRLSTHSFQNQRQPNTPFTHSKQ;ORQ;STQNT1SIRQPNT>A4A

x

y

(!1, 1)
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(negative slope)

rising
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2
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Problem Set 2.1

=A �SRT3 B:CT:STRLSTMJPDSTPFTRLSTJQNSTRLKPE?LTB>94CTONHTO
NSQ?L:PKQN?TDPQNRTB:97C PFTRLSTDOKO:PJOT7 # : >A
BOC -LORTQMTRLSTFPKGEJOTHSFQNQN?T3*T$PKT@LORT;OJESM

PF :�QMT3 B:CTHSFQNSH*
B:C -LORTNEG:SKTHPSM 3B:CTODDKPOILTOMTB:97C

ODDKPOILSMTB>94C*
BIC $QNHTONTS'EORQPNTPFTRLSTRON?SNRTORTB>94CA

>A �SR 3B:CT:STRLSTMJPDSTPFTRLSTJQNSTRLKPE?LTB=9$=CTONHTO
NSQ?L:PKQN?TDPQNRTB:97C PFTRLSTDOKO:PJO 7�# $: >,
BOC -LORTQMTRLSTFPKGEJOTHSFQNQN? 3*T$PKT@LORT;OJESM

PF :�QM 3B:CTHSFQNSH*
B:C -LORTNEG:SKTHPSM 3B:CTODDKPOILTOMTB:97C

ODDKPOILSMTBJ9$JC*
BIC $QNHTONTS'EORQPNTPFTRLSTRON?SNRTORTB=9$=CA

3NTSOILTPFTRLSTFPJJP@QN?9TFQNHTRLSTMJPDSTPFTRLST?KODLTORTRLS
?Q;SNTDPQNRTONHTONTS'EORQPNTPFTRLSTRON?SNRTORTRLORTDPQNRA

6A 7 # 6:> ORTB>9=>C

4A 7 # =$ :> ORTB<9=CTTTT�P@TIPEJHTRLSTKSMEJRTLO;ST:SSNT
DKSTHQIRSHT?KODLQIOJJ8*

/A 7�# :> ORTB<9<CTTTT�P@TIPEJHTRLSTKSMEJRTLO;ST:SSNT
DKSHQIRSHT?KODLQIOJJ8*

,A 7 # :6 ORTB=9=CTTT�.09�T5 6 $ * 6 # B5 $ *CB5 > % 5* % * > C

�A 7 # ORTB=9=CTTTT�.09� :�$ =T# B $ JCB % =C

!A 7 # :.:.ORTB<9<CTTTT�P@TIPEJHTRLSTKSMEJRTLO;ST:SSNT
DKSTHQIRSHT?KODLQIOJJ8*

!: !: !:

=
>
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3NTSOILTPFTRLSTFPJJP@QN?9T+ QMTRLSTDPMQRQPNTPFTOTGP;QN?TP:�SIR
ORTRQGST9,�$QNHTRLST;SJPIQR8TORTRLST?Q;SNTQNMRONRA

(A + ! 9 > " =TORT= =<A + ! 9 > # =TORT=

==A + ! 9 6 # 4TORT> =>A + ! 9 6 ORT>

=6A + ! =&9 ORT> =4A +�! ORT4

=/A 3FTB: <97< C QMTOTDPQNRTPFTRLSTIEK;S 7�! 6: >9TJSR 3B:CT:STRLS
MJPDSTPFTRLSTJQNSTRLKPE?LTB: <97< C ONHTOTNSQ?L:PKQN?
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PF :�QM 3B:CTHSFQNSH*
B:C $QNHTRLSTMJPDSTPFTRLSTIEK;STORTB: <97< C :8THSRSKGQN)

QN?T@LOR 3B:CTODDKPOILSMTOMTB:97CTODDKPOILSM
B: <97< C,

BIC �KPDTRLSTME:MIKQDRMTQNTRLSTONM@SKTRPTDOKRTB:CTRP
P:ROQNTRLSTMJPDSTORTON8TDPQNRTB:97CAT�PSMTRLSTKSMEJR
ILSI0T@QRL %KP:JSGT6T@LSN :�! >*

3NTSOILTPFTRLSTFPJJP@QN?9TFQNHTRLSTMJPDSTPFTRLST?KODLTOR
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DPQNRTB:97CA
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=�A 7 ! : > B"PGDOKST@QRLT%KP:JSGT/AC
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HSFQNSH*
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;SJPITQR8TORTRQGST9 < 9TRLSNTHKPDTRLSTME:MIKQDRTRPTP:ROQNTRLS
;SJPIQR8TORTRQGST9,�B5LSTKSMEJRTMLPEJHTILSI0T@QRLTRLSTIPKKS)
MDPNHQN?TMDSIQOJTIOMSTQNT%KP:JSGMT(TRLKPE?LT=4AC

><A +�! 9 > " = >=A +�! 9 > # =

>>A +�! 9 6 # 4 >6A + ! 9 6

>4A + ! =&9 >/A + ! 

3NTSOILTPFTRLSTFPJJP@QN?9TEMSTFPKGEJOMTHSKQ;SHTQNT%KP:JSGM
=/TRLKPE?LT=(TRPTHSRSKGQNST@LSKSTRLST?KODLTQMTKQMQN?TBDPMQ)
RQ;STMJPDSC9T@LSKSTQRTQMTFOJJQN?TBNS?ORQ;STMJPDSC9TONHT@LSKS
QRTFJORRSNMTPERTB�SKPTMJPDSCAT10SRILTRLST?KODLTEMQN?TRLQM
QNFPKGORQPNA

>,A 7�! 6: > >�A 7 ! =T# : >

>!A 7 ! : > >(A 7�! :6

6<A 7�! 

3NTSOILTPFTRLSTFPJJP@QN?9TEMSTFPKGEJOMTHSKQ;SHTQNT%KP:JSGM
><TRLKPE?LT>/ RPTHSRSKGQNST@LSNTRLSTP:�SIRTQMTGP;QN?TQNTRLS
DPMQRQ;STHQKSIRQPN9T@LSNTQRTQMTGP;QN?TQNTRLSTNS?ORQ;STHQKSI)
RQPN9TONHT@LSNTQRTIPGSMTRPTOTGPGSNROK8TMRPDA

6=A + ! 9 > " = 6>A +�! 9 > # =

66A +�! 9 6 # 4 64A +�! 9 6

6/A + ! =&9 B#MMEGSTRLORT9 $ <AC

6,A + ! 

6�A #NTP:�SIRTHKPDDSHTNSOKTRLSTMEKFOISTPFTRLSTSOKRLTBONH
SNIPENTRSKQN?TNPTOQKTKSMQMRONISCTFOJJMTOTHQMRONIST+ ! 49 >
QN 9�MSIPNHMTB@LSKST4 QMTOTIPNMRONRCAT1LP@TRLORTRLS
;SJPIQR8TPFTRLSTP:�SIR 9�MSIPNHMTOFRSKTQRTQMTHKPDDSHTQMT
(B9C! 49,

6!A #TMRPNSTQMTRLKP@NTMRKOQ?LRTED@OKHAT#FRSKT9�MSIPNHMTQRM
LSQ?LRTO:P;STRLST?KPENHTBQNTFSSRCTQMT+ ! 6>9 # J,9 >A
BOC 1LP@TRLORTRLST;SJPIQR8TPFTRLSTMRPNSTORTRQGS 9�QMT

( B9CT! 6># 6>9AT-LORTQMTQRMTQNQRQOJT;SJPIQR8*
B:C -LSNTHPSMTRLSTMRPNSTKSOILTQRMTLQ?LSMRTDPQNRTONH

LP@TLQ?LTHPSMTQRTKQMS*
BIC -LSNTHPSMTRLSTMRPNSTKSREKNTRPTRLST?KPENHTONH

@LORTQMTQRMT;SJPIQR8T@LSNTQRTLQRMTRLST?KPENH*T-LOR
QMTQRMTMDSSHTORTRLORTQNMRONR*

6(A #T:OJJTQMTRLKP@NTMRKOQ?LRTED@OKHTFKPGTRLSTRPDTPFTO
:EQJHQN?AT#FRSK 9�MSIPNHMTQRMTLSQ?LRTO:P;STRLST?KPENH
BQNTFSSRCTQMT+ ! (," =,9 # =,9 >A
BOC �P@TROJJTQMTRLST:EQJHQN?*
B:C 1LP@TRLORTRLST;SJPIQR8TPFTRLST:OJJTORTRQGS 9�QMT

( B9C! =,T# 6>9AT-LORTQMTQRMTQNQRQOJT;SJPIQR8*
BIC -LSNTHPSMTRLST:OJJTKSOILTQRMTLQ?LSMRTDPQNRTONHTLP@

LQ?LTBO:P;STRLST?KPENHCTHPSMTQRTKQMS*
BHC #MMEGQN?TRLORTRLST:OJJTKSREKNMTRPTRLSTKPPFTPFTRLS

:EQJHQN?9TFQNHT@LSNTQRTJONHMAT-LORTQMTQRMT;SJPIQR8TOR
RLORTQNMRONR*TQRMTMDSSH*

BSC 5LST:OJJTIPEJHTLO;ST:SSNTRLKP@NT:8TOTDSKMPN
@LPMSTOKGT@OMTS2RSNHSHT:S8PNHTRLSTSH?STPFTRLS
KPPFAT3NTRLORTIOMSTQRT@PEJHTJONHTPNTRLST?KPENHA
-LSNT@PEJHTQRTJONHTONHT@QRLT@LORT;SJPIQR8*T@QRL
@LORTMDSSH*

4<A 1LP@TRLORTRLSTMJPDSTPFTRLST?KODLTPF 7�! : 6 # 6:�ORTB:97C
QMT! B:C! 6: > # 6AT5LSNTIPNFQKGTRLORTRLSKSTOKSTREKNQN?
DPQNRMTOR :�! %=TB1SST%KP:JSGT=(9T1SIRQPNT=A/AC

4=A 1LP@TRLORTRLSTMJPDSTPFTRLST?KODLTPF 7�! :�" B=&:C OR
B:97C QMT! B:C! =# B=&: >C,��MSTRLSTKSMEJRTRPTIPNFQKG
RLORTRLSKSTOKSTREKNQN?TDPQNRMTOR :�! %=A B1SST%KP:JSG
>�9T1SIRQPNT=A/AC
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4>A +2DJOQNT@L8TRLSTRON?SNRTRPTRLSTIEK;S 7�! : =&6 ORTRLS
PKQ?QNTQMT;SKRQIOJAT10SRILTRLST?KODLAT�.09� 5LSTIEK;STQM
M8GGSRKQITO:PERTRLSTPKQ?QNATB-L8*C

46A +2DJOQNT@L8TRLST?KODLTPF 7�! =" : >&6 LOMTOT;SKRQIOJ
RON?SNRTORTB<9=CAT10SRILTRLST?KODLAT�.09� 5LSTIEK;STQM
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GRAPHING CALCULATOR CONCEPTS

Graphing “Holes”

Can you find the “gap” (the hole) in
the function in Figure 1, using your
graphing calculator? Your calculator
draws a graph by plotting many
points. It doesn’t “know” that there 
is a hole at (1,2), but it does leave 
a gap in the line at that point. You 
will be able to see it if you reset the
viewing window to 0 # x # 2, 
1 # y # 3.  

Try to find the hole in the graph of  

y !

Write two compound inequalities to
describe the viewing window you
used.

x 2 " 4x
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Limit of a Real Function

Let f be a real function with domain D and suppose that a is a real number having a 

punctured neighborhood in D. (This insures that all points near a, with the possible excep-

tion of a itself, are points of D. In other words, f ( x ) is defined for all x near a, but f (a ) may

be undefined.) The statement

lim f ( x ) ! L
x a

where L is a real number is defined to mean the following:

Given any neighborhood of L (say N ), there is a punctured neighborhood of a (say

M ) such that x ! M f (x ) ! N.

If a has only a right [left] neighborhood in D, we replace “punctured neighborhood” by “right

[left] neighborhood.”
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The statement lim
x a

f (x ) & L is therefore equivalent to the following:

Given � $ 0, there is a � $ 0 such that

0 ! .x " a.! � .f (x ) " L.! �

If a has only a right neighborhood in the domain of f, we replace

0 ! .x " a.! � by     0 ! x " a ! �

(to keep x $ a ). If there is only a left neighborhood of a in the domain, we replace

0 ! .x " a.! � by     0 ! a " x ! �

(to keep x ! a ).
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2.3    Properties of Limits
5LST JOMRT MSIRQPNT BOT HQMIEMMQPNT PFT RLST FPKGOJT HSFQNQRQPNT PFT JQGQRCT QMT NPRT SMMSNRQOJT
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THEOREM 1 (Algebra of Limits)

�SRT8�ONHT4�:STKSOJTFENIRQPNMT@LPMSTMEG9THQFFSKSNIS9TDKPHEIR9TONHT'EPRQSNR
OKSTHSFQNSH9TONHTMEDDPMSTRLOR

8 B:C ONHTTTTTTTT 4 B:C

S2QMRAT5LSN

=A JQGTB 8 ! 4CB:C" JQG 8 B:C! JQG 4 B:C
>A JQGTB 8 # 4 CB:C" JQG 8 B:C# JQGT4 B:C
6A JQGTB 84 CB:C" �JQGT8 B:C��JQGT4 B:C�
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RLSKST QMT OT IPGGPNTHPGOQNT@LSKST RLS8T OKST :PRLTHSFQNSHAT 5LSQKT MEG9THQFFSKSNIS9
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B 8�! 4 CB:C" 8 B:C! 4 B:C B 8�# 4CB:C" 8 B:C# 4 B:C
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B5LST'EPRQSNRT KS'EQKSMT RLST OHHQRQPNOJT OMMEGDRQPNT RLORT RLST IPGGPNTHPGOQNT PFT 8
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3RTQMTHPE:RFEJT@LSRLSKTOTMRKOQ?LRFPK@OKHTDKPPFTPFT5LSPKSGT=TQMT;SK8TSNJQ?LRSN)
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MSRT @ST@QJJT PERJQNST MPGST QN?SNQPEMT@O8MT RLORTGORLSGORQIQONMT LO;ST HS;QMSHT RP
O;PQHTRLSTHQFFQIEJRQSM�T@STPFFSKTOTDKPPFTPFTB=CTQNTONTPDRQPNOJTNPRSTORTRLSTSNHTPFTRLQM
MSIRQPNA

3NTGON8TODDJQIORQPNMTPFT5LSPKSGT=TR@PTMDSIQOJTJQGQRMTOKSTNSSHSH9TNOGSJ8

lim x " a and lim c " c
x a x a
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NQIOJ HSFQNQRQPNTPFTJQGQRTQNTRLSTJOMRTMSIRQPNTIONTOJMPT:ST?Q;SNA
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n Example 1

�MSTRLSTOJ?S:KOTPFTJQGQRMTRPTS;OJEORST B/: " >CA

Solution

	PETMLPEJHTMEDDJ8TOTKSOMPNTFPKTSOILTMRSDTQNTRLSTFPJJP@QN?�

B/:�" >CT! /: " >T! / : " >T! /B=CT" >T! 6 n
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�62� .!.9�!57�*2�8/-0'�*7�2(5 -59.04�962�8-0$9./0�59�962�&/.09�5&&%/5$62',
#TFENIRQPNT@QRLTRLQMTDKPDSKR8TQMTIOJJSHT$/09.0-/-+�59�: <9 ONTQHSOTPFTMEILTQGDPK)

RONISTRLORT@STMLOJJTKSREKNTRPTQRTKSDSORSHJ8TRLKPE?LPERTIOJIEJEMA

Continuity of a Real Function

Suppose that x 0 is a point of the domain of the real function f. We say that f is continuous at

x 0 if

lim  f (x ) ! f (x 0 )
x x0
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( x 0 , f ( x 0 ))
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#MT8PETIONT MSS9T SMRO:JQMLQN?T IPNRQNEQR8TPFT OT KORQPNOJT FENIRQPNT QMT �EMRT OTGORRSKTPF
ODDJ8QN?TRLSTOJ?S:KOTPFTJQGQRMTKSDSORSHJ8TENRQJT@STKSHEISTRLSTDKP:JSGTRPTRLSTS;OJE)
ORQPNTPFT�P:;QPEM�TJQGQRMA n

n Example 4

5LSTFENIRQPNTRON :�IPR :�LOMTRLSTIPNMRONRT;OJEST=T@LSKS;SKTQRTQMTHSFQNSHATB1SST$Q?EKS
6ACT3RMT?KODLTQMTRLSTLPKQ�PNROJTJQNS 7�! =T@QRLTLPJSMTDENILSHTPERTORTB<9=C9TB"�&>9=C9
B"�9=C9 A A A 9TFKPGT@LQILTQRTQMTODDOKSNRTRLOR

RONT: IPRT: ! =

�NTRLSTPRLSKTLONH9TMEDDPMST@STODDJ8TB6CTPFT5LSPKSGT=9T@KQRQN?

RONT:�IPRT: ! ! RONT:"! IPRT:" ! B<C! IPRT:" ! <

3FTRLQMTQMTIPKKSIR9T@STLO;STDKP;SHTRLORT=T! <AT�SFPKSTKSOHQN?TPN9TIONT8PETFQNHTRLSTFOJ)
JOI8*

5LSTDPQNRTQMTRLORTJQGT8 B:C4 B:C ! �JQGT8 B:C��JQGT4B:C� PNJ8T@LSNTRLSTJQGQRMTPNTRLS
KQ?LRTMQHSTS2QMRAT3RTQMTRSGDRQN?TRPTOK?ESTRLORTB<CBJQGTIPRT:CT! <TPNTRLSTDKSGQMSTRLOR
��SKPTRQGSMTON8RLQN?TQMT�SKPA�T5LSTIPKKSIRTMRORSGSNR9TPFTIPEKMS9TQMTRLORT�SKPTRQGSM
ON8TKSOJTNEG:SKTQMT�SKPAT1QNIS

IPR :�HPSMTNPRTS2QMRTTTTTB$Q?EKST!9T1SIRQPNT=A,C

PEKT�S'EORQPN�TKSOHMT=T! B<CBLPKMSKOHQMLCA n

5LSTNS2RT RLSPKSGT QMT SOMQSKT RPT QJJEMRKORST RLONT QRT QMT RPT MRORSAT�SNIST@STDKSMSNR
MPGSTS2OGDJSMTFQKMRA

n Example 5

5PTFQNHT 9 @STKSOMPNTQNREQRQ;SJ8TOMTFPJJP@MAT#MT: <9TIPM :�ODTDKPOILSMT=A
5LSTM'EOKSTKPPRTPFTOTNEG:SKTIJPMSTRPT=TQMTQRMSJFTIJPMSTRPT=AT�SNIS

! =

#NTONOJ8MQMTPFTRLQMTKSOMPNQN?TKS;SOJMTRLORT@STOKSTRKSORQN?T OMTOT$/!&/+.92
8-0$9./0�BIPMQNSTFPJJP@SHT:8TM'EOKSTKPPRCAT5LST�QNMQHSTFENIRQPN�TQMT4 B:C ! IPMT:�TRLS
�PERMQHSTFENIRQPN�TQMT8 B:C! �TRLSTIPGDPMQRQPNTQM

8 � 4B:C�T! 8 BIPMT:CT!

-LORT@STHQHT RPTS;OJEORST RLST JQGQRT@OMT RPT@PK0T FKPGTRLST QNMQHSTPERAT5LORT QM9T@S
Q?NPKSHT RLSTPERMQHST FENIRQPNT RSGDPKOKQJ8T@LQJST@STHSRSKGQNSHT RLORT IPMT: =TOMT
: <AT5LSNT@STODDJQSHTRLSTPERMQHST FENIRQPNTRPTP:ROQNT OMT: <AT 3N
M8G:PJM9

JQGT ! ! ! =

PKTJQGT8 � 4 B:C�T! 8 �JQGT4 B:C�A

JQG
:�<

JQG
:�<

JQG
:�<

JQG
:�<

JQG
:�<

JQG
:�<

�#IPMT:

#IPMT:JQG
:�<

#IPMT:

#:

#IPMT:

�
�#=�#IPMT:�

#=#JQGTIPMT:#IPMT:

JQG
:�<

1+"53� >A677n %KPDSKRQSMTPFT�QGQRM 83

x

y

π—
2

3π—
2

y ! tan x cot x

π0π—
2!

Figure 3 �KODLTPFT
7 ! RONT: IPRT:

BV_Calculus_AnGeo_5e_2c_NL_02_Layout 1  1/18/18  6:11 PM  Page 83



5LSTLSOKRTPFTRLSTGORRSKTQMTRLSTFPKGEJO

JQGT8 � 4 B:C�T! 8 �JQGT4 B:C�

@LQILT QNHQIORSMT LP@T RLST JQGQRT PFT OT IPGDPMQRQPNT QMT FPENHT :8T@PK0QN?T FKPGT RLS
QNMQHSTPERAT#NT QNFPKGOJT@O8TPFTDERRQN?T QRT QMT RLORT RLST M8G:PJMT�JQG�TONHT�8 �TOKS
QNRSKILON?SHAT3NMRSOHTPFTFQNHQN?TRLSTJQGQRTPFT8 @STS;OJEORST8 PFTRLSTJQGQRATB1EFFQIQSNR
IPNHQRQPNMTFPKTRLQMTRPT@PK0TOKSTHQMIEMMSHTOFRSKT+2OGDJST,AC n

n Example 6
5PTFQNHT B6: " =C69T@STIPEJHTODDJ8TB6CTPFT5LSPKSGT=TKSDSORSHJ89T@KQRQN?

JQGTB6: " =C6 ! �JQGTB6: " =C��JQGTB6: " =C��JQGTB6: " =C�T! >6 ! !

3RTQMTSOMQSK9TLP@S;SK9TRPTRLQN0TPFTB6: " =C6 OMTOTIPGDPMQRQPN9TNOGSJ8TRLSTJQNSOKTFENI)
RQPNT4B:C! 6: " =TFPJJP@SHT:8TRLSTDP@SKTFENIRQPNT8 B:C! : 6,�5LSN

JQGTB6: " =C6 ! JQGT8 � 4 B:C�T! 8 �JQGT4 B:C�! 8 B�C! !

-LSNT8PET?SRTEMSHTRPTRLQMTQHSO9T8PET@QJJTNPRTNSSHTRPTQNRKPHEISTRLSTFENIRQPNOJ
M8G:PJMT8�ONHT4AT�EMRTQNRSKILON?ST�JQG�TONHT�PERMQHSTFENIRQPN9�T@KQRQN?

JQGTB6: " =C6 ! �JQGTB6: " =C�6 ! >6 ! !

3NTPRLSKT@PKHM9T@PK0TFKPGTRLSTQNMQHSTPERA n

5LSTP:;QPEMT'ESMRQPNTRPTKOQMSTORTRLQMTDPQNRTQMTENHSKT@LORTIPNHQRQPNMTHPSMTRLS
FPKGEJO

8 �4 B:C�T! 8 ! 4B:C"
ODDJ8*T5LSTP:;QPEMTONM@SKTQMTRLORTJQGT4B:C GEMRTS2QMRTONHTJQSTQNTRLSTHPGOQNTPFT89
MQNISTPRLSK@QMSTRLSTKQ?LRTMQHST@PEJHTNPRTGO0STMSNMSAT 3RT QMTNPRT'EQRST RLORTMQGDJS9
LP@S;SKAT5LSTQNRSKILON?STPFT�JQG�TONHT�8�TKS'EQKSM 8�RPTLO;STRLSTDKPDSKR8

8 B-C! 8 B- <C @LSKST- < ! 4 B:C

B5LORTQM9T8�MLPEJHT:STIPNRQNEPEMTORT- <,C 5LQMTIPNHQRQPNTQMTS'EQ;OJSNRTRP

8 B-CT! 8 # -$     B@L8*CT
@LQILTQMTDKSIQMSJ8TRLSTQNRSKILON?STDKPDSKR8TNSSHSHA
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n Example 7 
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THEOREM 3 (Squeeze Play Theorem) 
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Figure 5 3NREQRQ;STOK?EGSNRTFPKTIPGDPMQRSTFENIRQPNTRLSPKSG
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Problem Set 2.3
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2.4 The Derivative of a Real Function
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GP;QN?TQNTOTMRKOQ?LRTJQNSTB@LSKST&�QMTOTKSOJTFENIRQPNCAT-STFQNHTRLST;SJPIQR8TOR
RQGST9< OMTFPJJP@MA
BOC �SRT9�:STOTMJQ?LRJ8THQFFSKSNRTRQGSAT5LSTO;SKO?ST;SJPIQR8THEKQN?TRLSTRQGS

QNRSK;OJT@QRLTSNHDPQNRMT9< ONHT9�QM

3B9� # # B9 $ 9 <C

B:C �SRT9�ODDKPOILT9<AT3FTRLQMTIOEMSMT3B9C RPTIPN;SK?STRPTOTHSFQNQRST;OJEST(9 @S
@KQRS

( # 3B9CT#

8�: � ! 8 �:< �
: ! :<

7 ! 7<
: ! :<

8�: � ! 8 �:< �
: ! :<

JQG
:�:<

JQG
:�:<

&�9� ! &�9< �
9 ! 9<

ILON?STQNTDPMQRQPN
ILON?STQNTRQGS

&�9� ! &�9< �
9 ! 9<

JQG
9�9<
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90 "�#%5+� >77n �QGQRMTONHTRLST�SKQ;ORQ;S

ONHTIOJJT(�RLST(2 /$.97�ORTRQGST9<AT1QNISTRLSTONM@SKTHSDSNHMTPNT9<9TRLS
;SJPIQR8TQMTOTNS@TFENIRQPN9T(B9<C! ;SJPIQR8TORTRQGST9<9TPKTMQGDJ8T
(B9C! ;SJPIQR8TORTRQGST9�QFT@STHKPDTRLSTME:MIKQDRA

3RTQMTOTDKQNIQDJSTPFTLEGONTRLPE?LRTONHTJON?EO?STRLORT@LSNT@STSNIPENTRSKTHQM)
RQNIRTDKP:JSGMT@QRLTRLSTMOGSTONM@SK9T@STPE?LRTRPTQ?NPKSTRLSTQNSMMSNTRQOJTHSROQJMTPF
RLSTDKP:JSGMTONHTQN;SNRTOT@PKHTFPKTRLSTQHSOTRLS8TLO;STQNTIPGGPNAT5LSTFPKGMTPF
RLSTONM@SKMTQNTB=CTONHTB>CTOKSTQHSNRQIOJAT1PT@STFPK?SRTO:PERT?SPGSRK8TBMJPDSTPFTO
IEK;SCTONHTDL8MQIMTB;SJPIQR8TPFTOTGP;QN?TP:�SIRCTONHTIPNISNRKORSTPNTRLSTGORLSGOR)
QIOJT ME:MRONIST PFT RLSTDKPISMMT QJJEMRKORSHAT 3NT SOILT IOMST OT NS@T FENIRQPNT QMTHSKQ;SH
FKPGTOT?Q;SNTPNST:8TS;OJEORQN?TRLSTJQGQRTPFTOTHQFFSKSNIST'EPRQSNRAT5LSTNS@TFENIRQPN
QMTIOJJSHTRLST�% #��"#�% PFTRLST?Q;SNTFENIRQPN9TOMTQNTRLSTFPJJP@QN?THSFQNQRQPNA

Let f be a real function with domain D and suppose that x 0 is an interior point of D. The 

difference quotient associated with f at x 0 is

Q (x ) = (x " x 0 and x ! D )

The derivative of f at x 0 is the number

f #(x 0) ! lim  Q (x )
x x 0

(provided this limit exists, in which case we call f differentiable at x 0 ).

If S is a subset of the domain and f is differentiable at each point of S, we say that f is 

differentiable in S.

The function f # whose domain is the set of points at which f is differentia ble and whose

value at x is f #(x) is called the derivative of f.

Remark   
5LSTO:P;STHSFQNQRQPNTKS'EQKSMT: < RPT:STONT�QNRSKQPKTDPQNR�TPFT�9 RLORTQM9TOTDPQNRT@QRLTRLSTDKPD)
SKR8TRLORTNSQ?L:PKQN?TDPQNRMTOKSTOJMPTQNT�,��PKSTDKSIQMSJ89TRLSKSTQMTONTPDSNTQNRSK;OJTIPNROQN)
QN?T: < BOT02.46*/%6//'�PFT: <C RLORTJQSMTQNT�,�5LQMT?EOKONRSSMTRLORT8 B:CTQMTHSFQNSHTFPKTOJJ :�NSOK
: <9T@LQILTQMTSMMSNRQOJTFPKTS;OJEORQPNTPFTRLSTJQGQRTPFT3B:C OM :�ODDKPOILSMT: <AT5LSTKS'EQKSGSNR
IONT:STKSJO2SHTQNTMPGSTIQKIEGMRONISM9TLP@S;SKAT3FT: < QMTONTSNHDPQNRTPFTONTQNRSK;OJTQNT�9 RLS
JQGQRTQMT/02�
+.'2'� MPGSRQGSMT@STIONTMRQJJTGO0STMSNMSTPFTQRATB1SST+2OGDJST6AC

n Example 1    

$QNHTRLSTHSKQ;ORQ;STPFT8 B:C! : 6A

Solution

5LSTHQFFSKSNIST'EPRQSNRTOMMPIQORSHT@QRLT8 ORT: < QM

3B:CT! ! !

! :> $ ::< $ :<> B:�" :< C

f �x� % f �x 0�
x % x 0

�

�: % :< � �:> $ ::< $ :<> �
: % :<

:6 % :<6
: % :<

8�: � % 8 �:< �
: % :<

BV_Calculus_AnGeo_5e_2c_NL_02_Layout 1  1/18/18  6:11 PM  Page 90



1+"53� >A477n 5LST�SKQ;ORQ;STPFTOT�SOJT$ENIRQPN 91

1QNIS
3 B:C! B: > " ::< " :<>C! 6:<>

RLSTHSKQ;ORQ;STORT:< QM 8 #B:<CT! 6:<>AT�O;QN?TOKKQ;SHTORTRLQM9T@STGO8TP:MSK;STRLORTQN
RLST:S?QNNQN?T:< @OMTON8TKSOJTNEG:SKAT5LSTME:MIKQDRTQMTMEDSKFJEPEM�T@STGQ?LRTOM
@SJJTMO8TRLORT8 # QMTHSFQNSHT:8T8 #B:C! 6: >A n

5LSTP:MSK;ORQPNT ORT RLST SNHTPFT+2OGDJST =T MPGSRQGSMT IPNFEMSMTDSPDJSAT-LOR
8PETMLPEJHTNPRSTQMTRLORTRLSTJSRRSKTEMSHTQMTQGGORSKQOJAT-STGO8T@KQRST8 #B9C ! 69 > PK
8 #B�CT! 6�> PKT8 #B C! 6 >AT5LST8/%! QMT@LORTIPENRMTQNTRLSTHSFQNQRQPNTPFTOTFENIRQPN9
NPRTRLSTM8G:PJTEMSHTRPTQHSNRQF8TRLSTQNHSDSNHSNRT;OKQO:JSAT5LSTKSOMPNTFPKTRLSTME:)
MIKQDRTQNTRLSTFQKMRTDJOISTQMTRLORTQNTRLSTDKPISMMTPFTS2OGQNQN?TRLSTHQFFSKSNIST'EPRQSNR
@STNSSHSHTOTJO:SJTFPKT.9+�QNHSDSNHSNRT;OKQO:JSAT-STILPMST:9 @LQILTGSONMTRLORT@S
NSSHSHTOTHQFFSKSNRTJO:SJTFPKTRLSTDPQNRTORT@LQILTRLSTHSKQ;ORQ;STQMTRPT:STS;OJEORSHA

5PTIJOKQF8TRLQMTGORRSKTFEKRLSK9TMEDDPMST@STFSSJTJQ0STIOJJQN?TRLSTPKQ?QNOJTDPQNRT:,
5LSNT@STNSSHTONPRLSKTJSRRSKTFPKTRLSTQNHSDSNHSNRT;OKQO:JSTQN 3�TMEDDPMST@STOHPDR
1,�5LSTHQFFSKSNIST'EPRQSNRTOMMPIQORSHT@QRLT8 OR :�QMTRLSN

3B1CT! ! !

! 1 > " 1: " : > B1 $ :C

1QNIS
3B1C! B1 > " 1: " : >C! 6: >

RLSTHSKQ;ORQ;STOR :�QMT8 #B:C! 6: >,

n Example 2

$QNHTRLSTHSKQ;ORQ;STPFT8 B:CT! A

Solution

5LSTHQFFSKSNIST'EPRQSNRTOMMPIQORSHT@QRLT8 OR :�B@LSKS :�% <CTQMT

3B1C! ! !

! B1 $ : ONHT1 & <C

5LSTHSKQ;ORQ;STOR :�QM

8 #B:CT! 3B1C! !

1QNIS :�@OMTON8TDPMQRQ;STNEG:SK9T@STIPNIJEHSTRLOR 8�QMTHQFFSKSNRQO:JSTQNTRLSTQNRSK;OJ
B<9'CA n

JQG
:�:<

JQG
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1 ( :
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 PRSTQNT+2OGDJST>TRLORTRLSTHPGOQNTPFT8 QMT�<9!CAT-STHQHTNPRTIPNMQHSKTRLSTHSKQ;O)
RQ;STOR :�" <T:SIOEMST<TQMTNPRTONTQNRSKQPKTDPQNRTPFTRLSTHPGOQNAT1EDDPMST@STMRKSRIL
RLSTHSFQNQRQPN9TLP@S;SK9TONHTRK8TQRAT5LSTHQFFSKSNIST'EPTRQSNRTOMMPIQORSHT@QRLT8 ORT<TQM

3B1CT" " " B1 # <C

1QNIST3B1C QNIKSOMSMT@QRLPERT:PENHTOMT1 <9T

3B1CTHPSMTNPRTS2QMR

ONHT@STIPNIJEHSTRLORT8 QMTNPRTHQFFSKSNRQO:JSTORT<ATB1SST+2OGDJST49T1SIRQPNT>A=9T@LSKS
@STP:MSK;SHTRLORTRLSTRON?SNRTORTRLSTPKQ?QNTQMT;SKRQIOJTONHTRLSTMJPDSTQMTENHSFQNSHAC

�SMDQRST RLST FOQJEKSTPFT RLQMTORRSGDRT RPT:KPOHSNT RLSTHSFQNQRQPN9T RLSKSTOKST RQGSM
@LSNTQRTGO0SMTMSNMSAT1SST+2OGDJST6A

n Example 3

5LSTHPGOQNT PFT 8 B:CT" : 6&> QMT �<9!CAT +;SNT RLPE?LT <T QMT NPRT ONT QNRSKQPKTDPQNR9T JSR
M
QNIJEHSTQRTQNTPEKTONOJ8MQMTONHTMSST@LORTLODDSNMAT5LSTHQFFSKSNIST'EPRQSNRTOMMPIQORSH
@QRLT8 OR :�B@LSKS :�$ <CTQM

3B1CT" " B1�% :��ONH 1�$ <C

5PTMQGDJQF8TRLQM9TJSRT5 " : =&> ONHT* " 1 =&>,�5LSNT

3B1CT"

"

" "

 P@T@STLO;STRPTHQMRQN?EQMLTIOMSMAT3F :�# <9T@STIONT@KQRST

8 &B:C" 3B1C"

"

" B " : :SIOEMST: # <C

"

5LQMTOK?EGSNRT:KSO0MTHP@NTQF :�" <TB:SIOEMST6:&B> CTQMTGSONQN?TJSMMCAT#R
:�" <9TLP@S;SK9TRLSTHQFFSKSNIST'EPRQSNRTKSHEISMTRP

3B1CT" " B1 # <C
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!1

!1
1
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�

JQG
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*6 ' 56
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ONHTLSNIS

8 !B<CT" 3B1C" <

#IIPKHQN?TRPTPEKTHSFQNQRQPNTPFTHSKQ;ORQ;S9TRLSTSNHDPQNR :�" <TMLPEJHTNPRTLO;S
:SSNTQNIJEHSHTQNTRLQMTONOJ8MQMAT�SR
MTO?KSSTRPTS2OGQNSTSNHDPQNRM9TLP@S;SK9TONHTRP
OIISDRT RLSTKSMEJRMT@LSNTRLST JQGQRTPFT RLSTHQFFSKSNIST'EPRQSNRTS2QMRMAT5LSNT@STGO8
MEGGOKQ�ST+2OGDJST6T:8TMO8QN?TRLORT8 B:C" : 6&> QMTHQFFSKSNRQO:JSTQNT�<9#CTONH

8 !B:CT" ! QFTT: $ <
<TTQFTT: " <

#MT8PETIONTMSS9TQRTQMTENNSISMMOK8TRPTMSDOKORSTRLSTIOMSM :�$ <TONH :�" <TQNTRLSTSNHA
5LSTFPKGEJOT8 !B:C " BQF :�% <CTIP;SKMT:PRLTDPMMQ:QJQRQSMAT5LST?KODLTPF 7�" : 6&>
BENJQ0STRLORTPF 7�" : =&>9 @LQILTLOMTOT;SKRQIOJTRON?SNRTORTRLSTPKQ?QNCTMLPEJHT:STHKO@N
@QRLTMJPDST<TORTRLSTPKQ?QNATB1SST$Q?EKST=ACT n

5LSTSFFSIRTPFTPEKTO?KSSGSNRTQNT+2OGDJST6TQMTRLORT@STOKSTS2RSNHQN?TRLSTHSFQNQ)
RQPNTPFTHSKQ;ORQ;STRPTQNIJEHSTSNHDPQNRMAT5LSTJQGQRTPFTRLSTHQFFSKSNIST'EPRQSNRTQNTMEIL
OTIOMSTQMT�PNS)MQHSH9�TQNTRLSTMSNMSTRLOR

3B1CT" B@LSKS :�QMTONTSNHDPQNRC

QMTS2OGQNSHTPNJ8TFPKT;OJESMTPFT1 PNTPNSTMQHSTPFT:AT3NT+2OGDJST69TFPKTQNMRONIS9T@LSKS
@ST@KPRS

8 !B<CT" " " <T

RLSTJQGQRTQMTS;OJEORSHT:8TGO0QN?T1�ODDKPOILT<T�RLKPE?LTDPMQRQ;ST;OJESMA�TB�RLSK)
@QMST @PEJHT:STGSONQN?JSMMAC

1PGSRQGSMTRLQMTMPKRTPFTRLQN?TIPGDJQIORSMTRLSTRLSPK8ATB-ST@QJJTDPQNRTQRTPERT@LSN
QRTHPSMACT�ERTPNTRLST@LPJS9TQRTQMTLSJDFEJTRPTOJJP@TQRAT-PEJHTQRTNPRTPFFSNHT8PEKTQNRE)
QRQPNTRPTMO8TRLORT8 B:CT" : 6&> QMTHQFFSKSNRQO:JSTPNJ8TFPK :�$ <*T5LORT@PEJHTDKS;SNRTRLS
NOREKOJTS2RSNMQPNTPFTRLSTFPKGEJOT8 !B:CT" RPTRLSTDPQNR :�" <9T@LSNTQRTQMTDJOQN
FKPGTRLST?KODLTRLORTRLSKSTQMTOTLPKQ�PNROJTRONT?SNRTORTRLSTPKQ?QNA

-STLO;STHSFQNSHTRLSTHQFFSKSNIST'EPRQSNRTOMMPIQORSHT@QRLT8 OR :�RPT:S

3B1CT" B1 & :C

B1SST$Q?EKST>ACT1PGSRQGSMTQRTQMTGPKSTIPN;SNQSNRTRPTHSNPRSTRLSTDPQNRT1�:8TRLSTJO:SJ
:�' 6�B6�& <C9TRLSTQHSOT:SQN?TRLORT@LSNT6�QMTMGOJJ9 :�' 6�QMTNSOKT:,�B1SST$Q?EKST6AC
5LSNTRLSTHQFFSKSNIST'EPRQSNRTQMTOTFENIRQPNTPFT69 NOGSJ8

�B6CT" " B6 & <C

ONHTRLSTHSKQ;ORQ;STPFT8 OR :�QM
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y

y ! x 
3/2

y ! x 
1/2

Figure 1 �PKQ�PNROJTONHT
;SKRQIOJTRON?SNRMTORTRLSTPKQ?QN

x z

variable (z      x )fixed

Figure 2

x x ! h

variable (h      0 )fixed

Figure 3
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n Example 4

�QMIEMMTRLSTDKP:JSGTPFTFQNHQN?TRLSTHSKQ;ORQ;STPFT8 B:C! MQNT:,

Solution

5LSTHQFFSKSNIST'EPRQSNRTOMMPIQORSHT@QRLT8 OR :�QM

3B1CT! B1�" :C

@LQILTHPSMTNPRTMQGDJQF8TQNTON8TP:;QPEMT@O8AT3FT@STME:MRQRERS :�# 6�FPKT19 LP@S;SK9
RLSTHQFFSKSNIST'EPRQSNRT:SIPGSM

�B6CT! B6�" �C

ONHTOTDPMMQ:JSTMQGDJQFQIORQPNTME??SMRMTQRMSJFAT�MQN?TRLSTOHHQRQPNTFPKGEJOT

MQNTB- # (C! MQNT-�IPMT( # IPMT-�MQNT(

@STLO;S

�B6C! !

! MQNT: # IPMT:

3RTQMTNPRTP:;QPEMTLP@TRLSTS2DKSMMQPNMTBIPMT6 $ =C&6 ONHTBMQNT6C&6�:SLO;ST@LSNT6
ODDKPOILSMT�SKP9T:ERTFPKTRLSTMO0STPFTOK?EGSNRTMEDDPMSTRLORTRLSQKTJQGQRMTOKST5�ONHT*9
KSMDSIRQ;SJ8AT5LSN

8 %B:CT! �B6C! BMQNT:CB5C# BIPMT:CB*C

ONHTRLSTDKP:JSGTQMTMPJ;SHAT3FT8PETLO;STONTSJSIRKPNQITIOJIEJORPK9T8PETIONTDKP:O:J8
?ESMMT@LORT5�ONHT*�OKST:8TIPGDERQN?TRLSTO:P;STS2DKSMMQPNMTFPKT;OJESMTPFT6�NSOKT<A
$PKTRLSTDKSMSNR9TLP@S;SK9T@ST@QJJTJSO;STRLSTDKP:JSGTORTRLQMTMRO?SA n

#IIPKHQN?TRPTRLSTRSKGQNPJP?8T@STLO;STNP@TOHPDRSH9TRLSTR@PTS'EQ;OJSNRTDKP:)
JSGMTPFT1SIRQPNT>A=TOKSTMPJ;SHT:8TFQNHQN?TOTHSKQ;ORQ;S�

=A �Q;SNTOTIEK;ST@QRLTS'EORQPN 7�! 8 B:C9 RLSTMJPDSTORTB:97C QMTRLSTHSKQ;ORQ;S
!B:C! 8 %B:C,

>A �Q;SNTOTDPMQRQPNTFENIRQPNT+�! &B9C9 RLST;SJPIQR8TORTRQGST9�QMTRLSTHSKQ;ORQ;ST
(B9C!&%B9C,

5LSMSTOKST9�/�QNRSKDKSRORQPNMTPFTRLSTHSKQ;ORQ;SAT5LSKSTOKSTGON8TPRLSKM9TOMT@STMLOJJ
MSSA

"OJIEJEMTQMTOTME:�SIRT@QRLTOTKQILTLQMRPK8AT3RTMLPEJHTNPRTMEKDKQMST8PETRLORTRLSKS
OKSTGON8TOJRSKNORSTM8G:PJMTFPKTRLSTHSKQ;ORQ;S�T8PETMLPEJHTJSOKNTRPT JQ;ST@QRLTRLS
PNSMTQNTIPGGPNTEMSAT"LQSFTOGPN?TRLSMS9T:SMQHSMTRLSTNPRORQPNT8 %B:CTOJKSOH8TQNRKP)
HEISHTFPKTRLSTHSKQ;ORQ;STPF 7�! 8 B:C9 OKS

MQNT1 $ MQNT:
1 $ :

MQNT�: # 6 � $ MQNT:
6

MQNT: �IPMT6 $ = � # IPMT: MQNT6
6

MQNT: IPMT6 # IPMT: MQNT6 $ MQNT:
6

� MQNT66 �� IPMT6 $ =
6 �

JQG
6�<
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� 7! BKSOHT�7 DKQGS�CT

� BKSOHT�HSST79 HSST:��NPRT�'7�P;SKT':�C

� �: 7 BKSOHT�HSKQ;ORQ;STPFT7@QRLTKSMDSIRTRPT:�C

5LSTNPRORQPNT'7&':�QMTHESTRPT�SQ:NQ�9T@LPTKS?OKHSHT'7�ONHT':�OMTMSDOKORSTSNRQRQSM
ONHT'7&':�OMTOTRKESTFKOIRQPNAT+;SNREOJJ8T@S
JJTHPTRLSTMOGS�TRLSTM8G:PJTQMT;SK8TEMS)
FEJAT$PKTRLSTDKSMSNR9TLP@S;SK9T8PETMLPEJHTNPRTRLQN0TPFT'7&':�OMTOTFKOIRQPN�TQRTQMT�EMR
ONPRLSKTNPRORQPNTFPKTRLSTHSKQ;ORQ;SA

�SDSNHQN?TPNTRLSTIPNRS2R9TRLSTO:P;STM8G:PJMTOKSTPFT;OK8QN?TDKSIQMQPNAT5LS8
GEMRT:STEMSHT@QRLTHESTORRSNRQPNTRPTRLSTGSMMO?STQNRSNHSHA

n Example 5

3F 7�" 8 B:C" : 49 RLSN

8 !B=C " " "

" B: # =CB: > # =CT" 4

5LSTNPRORQPNT 8 !B=CT" 4THSMIKQ:SMT RLST MQREORQPNTDKSIQMSJ8�T-STLO;ST S;OJEORSHT RLS
FENIRQPNT 8 ! ORTRLSTDPQNRT=TRPTP:ROQNTRLSTNEG:SKT4AT5LSTPRLSKTM8G:PJMTGSNRQPNSH
O:P;STOKSTNPRTOMTEMSFEJTQNTRLQMTIPNRS2RAT$PKTS2OGDJS9TQFT@ST@SKSTRPT@KQRST7 ! " 4 PK
�: 7 " 49 RLSTKSOHSKTGQ?LRTQNFSKTRLORTRLSTHSKQ;ORQ;STQMTRLSTIPNMRONRTFENIRQPNT8 !B:C "

49T@LSKSOMT RLSTIPKKSIRT FPKGEJOT QMT 8 !B:C " 4: 6 B"PNFQKG
CT1PGST@KQRSKMT QNRKPHEIS
NPRORQPNTJQ0S

7!.: " = " 4TTTTTTTTPKTTTTTTT�: 7.: " = " 4

RPTKSDKSMSNRTRLSTMQREORQPN9T:ERTRLSTFENIRQPNOJTNPRORQPNT8 !BT=CT" 4TQMTMQGDJSKA n

n Example 6

5LSTHSKQ;ORQ;STPF 7�" 8 B:C" B>: $ =C> QMT

8 !B:C" 4B>: $ =C

BOMT8PETIONTILSI0CAT5LSTMOGSTGSMMO?STQMTIPN;S8SHT:8

" 4B>: $ =C PKTTTTTTTT�: 7�" 4B�:$=C

:ERTRLSTNPRORQPNT7 ! " 4B>: $ =CTQMTKQM08TQNTMPGSTMQREORQPNMTB:SIOEMSTRLSTM8G:PJT7!

GO0SMTNPTKSFSKSNIST RPT RLST QNHSDSNHSNRT;OKQO:JSCAT1EDDPMS9T FPKTS2OGDJS9T RLORT@S
ME:MRQRERST-�" >: $ =TQN 7�" B>: $ =C> RPTP:ROQN 7�" - >A 5LSTHSKQ;ORQ;STPF 7�" - > 5+�5
8-0$9./0�/8�-�QMT'7&'-�" >-�PKT�- 7�" �-�B+2OGDJST>9T1SIRQPNT>A=CAT3FT@ST@SKSTRPT@KQRS
7 ! " >-9T RLST KSOHSKT @PEJHT LO;ST OT KQ?LRT RPT IPGDJOQNAT $PKT RLSKST QMT OT HQMRQNIRQPN
:SR@SSNT7 ! " 4B>: $ =C9T RLSTHSKQ;ORQ;STPF 7�OMTOT FENIRQPNTPFT:9 ONHT7! " >-9T RLS
HSKQ;ORQ;STPF 7�OMTOTFENIRQPNTPFT-,�3RTQMTFPKTRLQMTKSOMPN9TOGPN?TPRLSKM9TRLORTGORLS)
GORQIQONMTLO;STHS;SJPDSHTRLSTFPJJP@QN?TRSKGQNPJP?89T@LQILTMPGSRQGSMTMRKQ0SMTRLS
:S?QNNSKTOMT�OK?PNA

'7
':

�: $ = � �: # = � �:> # = �
: $ =JQG

:�=

:4 $ =
: $ =JQG

:�=

8 �: �$ 8 �= �
: $ =JQG

:�=

JQG
:�=

'7
':

1+"53� >A477n 5LST�SKQ;ORQ;STPFTOT�SOJT$ENIRQPN 95

GRAPHING CALCULATOR CONCEPTS

Evaluating Derivatives

Your graphing calculator can evaluate
the first derivative at a given value of
the input variable! Investigate how
online or in your graphing calculator
manual. You will probably be asked 
to enter the function, just as you
would to graph it. Then you will use
the first derivative option and choose
a value of x. Try to remember to use
your graphing calculator to verify the
derivatives you find throughout this
chapter.
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The symbols dy /dx and Dx y are translated derivative of y with respect to x. To differen-
tiate y with respect to x means to find the derivative of y ! f (x ), and the process of
finding it is called differentiation.
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Problem Set 2.4
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2.5 Differentiation of Sine and Cosine
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GRAPHING CALCULATOR CONCEPTS

Visualizing

Use your graphing calculator to look
at the graph of

y $

Identify the viewing window chosen.
Why does it look as though the 
function is defined at x $ 0 
(see GRAPHING CALCULATOR 
CONCEPTS—Graphing “Holes” on 
p. 68)? Can you change the window
to make the “hole” appear?

sin x
x

sin t
t

BV_Calculus_AnGeo_5e_2c_NL_02_Layout 1  1/18/18  6:11 PM  Page 99



100 "�#%5+� >77n �QGQRMTONHTRLST�SKQ;ORQ;S

n Example 1
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Problem Set 2.5
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Additional Problems
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