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���	�����������
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�

2Q�SLRN�JLOBSTM�;PG�@RII�ITOMQ�O�8OMRTS;�PE�STJLQR*GTN�EPM�T8OIGOSRQA�RQST&
AMOINC��OQ;�PE�SLTNT�STJLQR*GTN�OMT�*GRST�RQATQRPGN9�FTDPQNSMOSRQA�SLT
BP@TM�PE�JOIJGIGN�BMP>ITDN�SP�NSRDGIOST�JMRSRJOI�SLRQ.RQAC�2S�@PGIF�>T�O�NOF
FO;�@LTQ�DOSLTDOSRJN�BMPETNNPMN�NSPBBTF�STOJLRQA�NSGFTQSN�LP@�SP�FP
SLTNT�BMP>ITDN�@RSL�BTQJRI�OQF�BOBTMC�=/PM�OQ�RDOARQOSR8T�BRJSGMT�PE�O
EGSGMT�@LTQ�BTPBIT�LO8T�EPMAPSSTQ�SLOS�RS�RN�T8TQ�BPNNR>IT�SP��FP�DOSL�RQ
;PGM�LTOF9��MTOF�2NOOJ�%NRDP8�N�EODPGN�H-4+�NLPMS�NSPM;��6LT�/TTIRQA�PE
(P@TM9��JPB;MRALSTF�>;�SLT��GRQQ�(G>IRNLRQA�#PC9�2QJC?

"P@T8TM9�RS�RN�QPS�NOF�OS�OII�SP�LO8T�OJJTNN�SP�BP@TMEGI�NPES@OMT�IR.T
�OBIT�PM��OSLTDOSRJOC�6LTNT�#%1�=JPDBGSTM�OIAT>MO�N;NSTDN?�JOQ�;RTIF
MTNGISN�EPM�RQSTAMOIN�@LRJL�@PGIF�>T�STFRPGN9�OQF�QPS�QTJTNNOMRI;�RQNSMGJSR8T9

C H A P T E R  1 0

Techniques of
Integration

Common integration is only the memory of differentiation.
AUGUSTUS DE MORGAN (1806–1871)

Mathematicians are like Frenchmen: whatever you say to them they
translate into their own language, and forthwith it is something
entirely different.

JOHANN WOLFGANG VON GOETHE (1749–1832)

One should not use an elephant gun to shoot a mouse.
ANONYMOUS
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SP�FP�>;�LOQFC�2S�RN�OINP�RDBPMSOQS�SP�MTDTD>TM�SLOS�DOQ;�RQSTAMOIN�OMT�EOM
EMPD�TITDTQSOM;C�2S�RN�APPF�SP�LO8T�JPDBGSTMN�

(MP>ITD�HH�RQ�(MP>ITD�1TS�H:CK�ON.N�;PG�SP�ERQF�SLT�RQSTAMOI�! NRQ< 7 F7C
�PG�JOQ�OJJPDBIRNL�SLRN�>;�JIT8TMI;�MT@MRSRQA�SLT�NRQT�JG>TF�ON�O�BMPFGJS9
GNRQA�O�(;SLOAPMTOQ�RFTQSRS;�SP�RQSMPFGJT�JPNRQT9�SLTQ�GNRQA�O�NG>NSRSGSRPQC
6LRN�@RII�;RTIF�SLT�OQN@TM�AR8TQ�RQ�SLT�%QN@TMN�NTJSRPQ�OS�SLT�>OJ.�PE�SLT
>PP.C��OBIT�;RTIFN�OQ�OQN@TM�SLOS�IPP.N�FREETMTQSC

2QBGS�SLT�EPIIP@RQA�N;QSO3�

RQS==NRQ=3?�<93?�

6LT�PGSBGS�RN

!H�<�NRQ=3?�K�JPN=3?�! K�<�JPN=3?9��������@LRJL�@T�DRALS�@MRST�ON

! NRQK 7 JPN�7 ! JPN�7

#OQ�;PG�GNT�SMRAPQPDTSMRJ�RFTQSRSRTN�SP�NLP@�SLOS�SLRN�MTNGIS�RN�SLT�NODT
ON�SLT�OQN@TM�@T�EPGQF �#OQ�;PG�NTT�@L;�RS�DO;�>T�GQ@RNT�SP�ITO8T�DOSLT&
DOSRJN�NSMRJSI;�SP�SLT�JPDBGSTMN�OQF�EORI�SP�AORQ�OQ�GQFTMNSOQFRQA�OQF
OBBMTJROSRPQ�PE�RS�PGMNTI8TN �'TOF�SLT�NSPM;�

n n n

H
<

K
<
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6"21 #"%(6,' 21 FT8PSTF�SP�@LOS�DRALS�>T�JOIITF�SLT�3)58(-8+250�)35+(2C�$T�NO;
OMS� =MOSLTM� SLOQ� NJRTQJT?� >TJOGNT� RS� RN� LOMF� SP� NO;� OQ;SLRQA� 8TM;� N;NSTDOSRJ

O>PGS� SLT�DTSLPFN�GNTF� SP� SOJ.IT�O�AR8TQ� RQSTAMOIC��REETMTQSROSRPQ� RN� NSMORALSEPM&
@OMF��OQSRFREETMTQSROSRPQ�PESTQ�MT*GRMTN�NPDT�RDOARQOSRPQC

6LTMT�OMT�MTOII;�PQI;�S@P�ATQTMOI�OBBMPOJLTN�SP�RQSTAMOSRPQ�=OISLPGAL�RS�DO;
QPS�IPP.�SLOS�@O;�SP�SLT�>TARQQTM?C��QT�RN�SP�DO.T�O�NG>NSRSGSRPQ�SLOS�MTFGJTN�SLT
RQSTAMOI�SP�O�EODRIROM�NSOQFOMF�EPMD��SLT�PSLTM�RN�+250�)35+(28,18 3)5$8=SLT�ERMNS�SPBRJ
PE�SLRN�JLOBSTM?C�/MPD�;PGM�T3BTMRTQJT�@RSL�NG>NSRSGSRPQ�RQ�SLT�IONS�EPGM�JLOBSTMN9
;PG�OMT�GQFPG>STFI;�O@OMT�PE�SLT�JTQSMOI�BMP>ITDC��58+$80$$025+3"85(8 0)�0+*085�08$532�
63)68-()!8"4)%+2�8,0�+268328+250�)3"8+28()60)85(8%2(�8��358$4,$5+545+(285(85)1. 6LOS�RN
@L;�@T�LO8T�>TTQ�JPIITJSRQA�RQSTAMOSRPQ�EPMDGION�ON�SLPGAL�SLT;�@TMT�MOMT��T@TINC

�PG�@RII�ERQF�O�IRNS�PE�BMT8RPGNI;�FTMR8TF�MTNGISN�PQ�SLT�RQNRFT�>OJ.�JP8TM�PE�SLT
>PP.��SLT;�@RII�>T�QTTFTF�EMPD�LTMT�PQ�PGSC�$LTSLTM�SLT;�NLPGIF�>T�DTDPMR�TF�=RQ
@LPIT�PM�RQ�BOMS?�RN�O�*GTNSRPQ�@T�BMTETM�SP�ITO8T�PBTQC��QT�JOQ�JTMSORQI;�OMAGT�SLOS
SLT;�QTTF�QPS�>T9�PQ�SLT�AMPGQFN�SLOS�@T�JOQ�OI@O;N�IPP.�SLTD�GBC��Q�SLT�PSLTM
LOQF9�LP@�FP�@T�MTJPAQR�T�O�APPF�NG>NSRSGSRPQ�RE�@T�OMT�RAQPMOQS�PE�SLT�NSOQFOMF
EPMDN �2S�RN�QP�OJJRFTQS�SLOS�DPNS�NSGFTQSN�@LP�DONSTM�SLT�OMS�PE�RQSTAMOSRPQ�NTTD�SP
.QP@�SLTNT�EPMDGION�BMTSS;�@TII�=@LTSLTM�MT*GRMTF�SP�ITOMQ�SLTD�PM�QPS?C

�PG�@RII�OINP�ERQF�O�IRNS�PE�L;BTM>PIRJ�RQSTAMOIN�PQ�SLT�RQNRFT�>OJ.�JP8TM�=QPS
AR8TQ�>TEPMT?�SLOS�OMT�OQOIPAPGN�SP�EODRIROM�SMRAPQPDTSMRJ�EPMDGIONC�$LRIT�SLT;�OMT
QPS�NP�PESTQ�GNTF9�SLT;�OMT�@PMSL�IRNSRQA�EPM�MTETMTQJT�=OQF�OMT�TONRI;�JLTJ.TF?C�6@P
PE�SLTD�=SLT�RQSTAMOIN�PE�NTJL�OQF�JNJL?�OMT�NGMBMRNRQA��;PG�DRALS�TQ�P;�ERAGMRQA
PGS�LP@�SLT;�OMT�P>SORQTFC

%ISLPGAL�SLRN�IRNS�RN�O�APPF�NSOMS�PQ�O�SO>IT�PE�RQSTAMOIN9�;PG�NLPGIF�MTOIR�T�SLOS
QP�SO>IT�RN�OFT*GOST�EPM�OII�RQSTAMOSRPQ�BMP>ITDNC�%�NRDBIT�T3ODBIT�RN

H

:
0!7K 678"  

!P�TITDTQSOM;�EGQJSRPQ�T3RNSN�@LPNT�FTMR8OSR8T�RN�0!7K��RQ�NGJL�O�JONT�RS�RN�QTJTN&
NOM;� SP�MTNPMS� SP�OBBMP3RDOSRPQ�STJLQR*GTNC�$T�@RII� SO.T�GB�SLOS�*GTNSRPQ�OS� SLT
TQF�PE�SLT�JLOBSTMC

10.1  Integration by Parts

6LT�(MPFGJS�'GIT�EPM�FTMR8OSR8TN�NO;N�SLOS�RE�4 OQF�* OMT�EGQJSRPQN�PE�79�SLTQ

=4*?�" 48 # *

PM�=RQ�FREETMTQSROI�EPMD?

6=4*?�" 486*8# *864

2QSTAMOSRQA�>PSL�NRFTN�PE�SLRN�T*GOSRPQ9�@T�LO8T�4* " !486* # !*8649�EMPD�@LRJL

u dv " uv ! v du

"

6
67

6*
67

64
67

" "
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6LRN�RQQPJTQS&IPP.RQA�EPMDGIO�RN�SLT�NPGMJT�PE�O�BP@TMEGI�DTSLPF�PE�RQSTAMOSRPQ
.QP@Q�ON�+250�)35+(28,18 3)5$C�%�ET@�T3ODBITN�@RII�RQFRJOST�LP@�GNTEGI�RS�RNC

n Example 1

/RQF�!707 67.

Solution

$T�SLRQ.�PE�SLT�RQSTAMOQF�707 678ON�LO8RQA�S@P��BOMSN9��QODRQA�PQT�BOMS�48OQF�SLT
PSLTM�6*.86LRN�DO;�>T�FPQT�RQ�DOQ;�@O;N9�PQT�PE�@LRJL�RN�48! 78OQF�6*8! 07 67.
#OIJGIOSRQA

648! 6788888888OQF��������*8! 07 67 ! 07 =OM>RSMOM;�JPQNSOQS�PDRSSTF?

@T�ERQF

707 678! 486*8! 4*8" *8648! 707 " 07 678!707 " 07 # /

%QPSLTM�JLPRJT�PE�BOMSN�RQ�SLRN�BMP>ITD�RN�48! 07 OQF�6*8! 78679 EMPD�@LRJL�
648! 07 678OQF�* ! 7 K�KC�6LT�BOMSN�EPMDGIO�AR8TN

707 678! 7K07 " 7K07 67

$LRIT�SLRN�RN�JTMSORQI;�JPMMTJS9�RS�RN�QPS�APRQA�OQ;@LTMTC�6LT�QT@�RQSTAMOI�=PQ�SLT
MRALS�NRFT?�RN�LOMFTM�SLOQ�SLT�PMRARQOI�PQTC�6LRN�RIIGNSMOSTN�SLT�EOJS�SLOS�RQSTAMOSRPQ
>;�BOMSN�RN�QPS�O�MPGSRQT�BMPJTFGMT��RS�MT*GRMTN�NPDT��GFADTQS�=>ONTF�PQ�T3BTMR&
TQJT?�PE�@LOS�JLPRJTN�PE�48OQF�6*8OMT�APPF�PQTNC n

Remark   
2S�RN�@PMSL�QPSRQA�SLOS�PQJT�48RN�JLPNTQ�RQ�SLT�DTSLPF�PE�RQSTAMOSRPQ�>;�BOMSN9�SLT�JLPRJT�PE�
6* RN�OGSPDOSRJC�6LGN� RQ�,3ODBIT�H�@T�JLPNT�48! 7�� SLTQ�@T�LOF�QP�JLPRJT�>GS� SP�@MRST�
6*8! 07 67.86LT�JOIJGIOSRPQ�PE�648! 678=>;�FREETMTQSROSRPQ�PE�48! 7? OQF�PE�*8! 07 =>;�RQSTAMO&
SRPQ�PE�6*8! 07 67? RN�OINP�OGSPDOSRJC�2Q�8RT@�PE�SLTNT�EOJSN�SLT�JLPRJT�PE�48RN�JITOMI;�JMGJROIC
6LTMT�OMT�S@P�JMRSRJOI�JPQNRFTMOSRPQN�SP�.TTB�RQ�DRQF�@LTQ�SLRN�JLPRJT�RN�DOFT�

HC $T�DGNS�>T�O>IT�SP�T8OIGOST�!6*8=SP�P>SORQ�* EMPD�6*?.

KC 6LT�QT@�RQSTAMOI�!* 64DGNS�>T�TONRTM�SP�T8OIGOST�SLOQ�SLT�PMRARQOI�RQSTAMOI�!4 6*C�=1TT
,3ODBIT�+�EPM�OQ�T3JTBSRPQ�SP�SLRN�NSOSTDTQS9�LP@T8TMC?

n Example 2

�PG�DO;�LO8T�OIMTOF;�TQJPGQSTMTF�SLT�EPMDGIO

IQ�78678! 78IQ�78" 78# /88888888=%FFRSRPQOI�(MP>ITD�H+9�#LOBSTM�)?

"

" " " "

" H
K

H
K "

"
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6P�NTT�@LTMT�RS�JPDTN�EMPD9�ITS�48! IQ�78OQF�6*8! 67.86LTQ�648! 67�78OQF�*8! 79 EMPD
@LRJL

IQ 78678! 4*8" *8648! 78IQ�78" 678! 78IQ�78" 78# / n

n Example 3

6P�ERQF�! NRQ"H 78678=(MP>ITD�<49�1TJSRPQ�-CK?9�ITS�48! NRQ"H 78OQF�6*8! 67.86LTQ

648! OQF��������*8! 7

EMPD�@LRJL����

NRQ"H 78678! 78NRQ"H 78"

6LT� QT@� RQSTAMOI�DO;� >T� EPGQF� >;�DO.RQA� O� NG>NSRSGSRPQ9� QODTI;�48! H�" 7 K9�
64! "K7867C�6LGN

! " 4"H�K 648! " $ K4H�K ! "

OQF�@T�ERQF

NRQ"H 78678! 78NRQ"H 78# # / n

Remark   
6LT�ITSSTM�4 PJJGMN�RQ�,3ODBIT�<�@RSL�FREETMTQS�DTOQRQANC�1GJL�MTBTSRSRPQ�RN�JPQ8TQRTQS�=RE�SLT
TOMIRTM�4 RN�QP�IPQATM�BOMS�PE�SLT�BMP>ITD?9�>GS�PE�JPGMNT�RS�NLPGIF�QPS�>T�FPQT�RE�SLTMT�RN�OQ;
FOQATM�PE�JPQEGNRPQC

n Example 4

6P�ERQF

7 K NRQ�7867

ITS�48! 7 K�OQF�6*8! NRQ�7867.86LTQ�648! K78678OQF�*8! "JPN�79 EMPD�@LRJL

7 K NRQ�78678! "7 K JPN�7 # K� 78JPN�7867

$LRIT�SLT�BMP>ITD�RN�QPS�NPI8TF9�SLT�QT@�RQSTAMOI�RN�NRDBITM�SLOQ�SLT�PMRARQOI�PQT�
@T�ERQF�RS�>;�GNRQA�RQSTAMOSRPQ�>;�BOMSN�OAORQ�

48! 79�6*8! JPN 78678888888888=LTQJT�648! 679�* ! NRQ�7?�

6LTQ

78JPN 78678! 78NRQ�7 " NRQ�78678! 78NRQ�7 # JPN�7

"""

67
#H " 7K

7 67
#H " 7K""

#H " 7KH
K"H

K
7 67

#H " 7K"

#H " 7K"

"
��K

:

""

""
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6LT�PMRARQOI�RQSTAMOI�RN

7 K�NRQ�78678! ="7 K JPN�78# K78NRQ�78# K�JPN�7? 0��K

:
! �" K n

'TBTOSTF�RQSTAMOSRPQ�>;�BOMSN�=ON�RQ�,3ODBIT��?�PJJGMN�NP�PESTQ�SLOS�RS�RN�@PMSL&
@LRIT�SP�FT8TIPB�O�EPMDGIO�EPM�RSC�1GBBPNT�SLOS�@T�@OQS�SP�ERQF

- =7?� =7? 67

@LTMT� - RN� O� BPI;QPDROI� PE� FTAMTT�28 OQF� �8 RN� O� EGQJSRPQ� SLOS� JOQ� >T� RQSTAMOSTF
MTBTOSTFI;C��TSSRQA

48! - =7? OQF�������6*8! � =7?�67

@T�LO8T�648! - $=7? 678OQF�*8! #H=7? =@LTMT�#H�RN�OQ�OQSRFTMR8OSR8T�PE��?.86LT�BOMSN
EPMDGIO�AR8TN

- =7?�=7?�678! - =7?#H=7? " - $=7?#H=7?�67

1RQJT�-8RN�O�BPI;QPDROI9�NP�RN�- $9�OQF�RSN�FTAMTT�RN�PQT�ITNN�SLOQ�SLT�FTAMTT�PE�-C 6LGN
SLT�QT@�RQSTAMOI�DO;�>T�T3BTJSTF�SP�>T�NRDBITM�SLOQ�SLT�PMRARQOI�PQT�=ONNGDRQA
SLOS�#H�RN�QP�LOMFTM�SP�RQSTAMOST�SLOQ��?.8�NT�SLT�BOMSN�EPMDGIO�OAORQ9�SLRN�SRDT�@RSL

48! - $=7? OQF��������6*8! #H=7?�67

6LTQ�648! - % =7? 678OQF�*8! #K=7? =@LTMT�#K�RN�OQ�OQSRFTMR8OSR8T�PE�#H?C�6LRN�AR8TN

- =7?� =7? 67 ! - =7?#H=7? " ! - $=7?#K=7? " - % =7?#K=7? 67"
! - =7?#H=7? " - $=7?#K=7? # - % =7?#K=7? 67

$T�@RII�JOMM;�PGS�PQT�DPMT�NSTB�SP�JIOMRE;�SLT�ATQTMOI�BOSSTMQC��TS�

48! - % =7? OQF��������6*8! #K=7?�67

6LTQ�648! - & =7? 678OQF�*8! #<=7? =@LTMT�#<�RN�OQ�OQSRFTMR8OSR8T�PE�#K?9�OQF�@T�LO8T

- =7?� =7? 678! - =7?#H=7? " - $=7?#K=7? # - % =7?#<=7? " - & =7?#<=7? 67

6LRN� BMPJTNN� NSPBN� RQ�28 NSTBN� =@LTQ� SLT� BPI;QPDROI� LON� >TTQ� FREETMTQSROSTF
FP@Q�SP�O�JPQNSOQS?C�"TQJT�SLT�EPMDGIO�@T�OMT�NTT.RQA�MTOFN�ON�EPIIP@NC

Repeated Integration by Parts

fg ! fG 1 " f $G2 # f %G3 " f &G4 # . . . # ("1)n f (n )Gn # 1 # C

where f is a polynomial of degree n and G1, G2, . . . , Gn # 1 are successive antiderivatives

of g.

#
��K

:

#

##

##

#

##

#
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n Example 5

�NT�SLT�EPMDGIO�EPM�MTBTOSTF�RQSTAMOSRPQ�>;�BOMSN�SP�JPQERMD�SLT�MTNGIS�RQ�,3ODBIT��C

Solution

$RSL�- =7?�! 7 K�OQF��=7? ! NRQ�79 PGM�EPMDGIO�MTOFN

7 K NRQ�7867 ! =7 K?="JPN�7?�" =K7?="NRQ�7?�# =K?=JPN�7?�# /

! "7 K�JPN�78# K7 NRQ�78# K�JPN�78# /

%N�;PG�JOQ�NTT9�SLRN�RN�SLT�NODT�OQSRFTMR8OSR8T�@T�EPGQF�RQ�,3ODBIT��C n

n Example 6

/RQF�!7 � 0 K7 67.

Solution

6LRN�@PGIF�SO.T�O�@LRIT�GNRQA�SLT�PMFRQOM;�BOMSN�EPMDGIO�MTBTOSTFI;C�6LT�MTBTOSTF
RQSTAMOSRPQ�>;�BOMSN�EPMDGIO9�LP@T8TM9�MTFGJTN�RS�SP�OQ�TON;�BMP>ITD�

7 �0 K7 67 ! =7 �?= 0 K7? " =�7 <?= 0 K7? # =HK7 K?= 0 K7? " =K�7?= 0 K7? # =K�?= 0 K7? # /

! 0 K7=K7 � " �7 <�# 57 K�" 578#<?�# / n

n Example 7

6P�ERQF�! 07 JPN�78679 ITS
48! 07 OQF��������6*8! JPN�7867

6LTQ�648! 07 678OQF�*8! NRQ�79 EMPD�@LRJL

07 JPN 78678! 07 NRQ�78" 078NRQ�7867

2Q�SLT�QT@�RQSTAMOI�ITS

48! 07 OQF�6*8! NRQ�7867 =LTQJT�648! 07 678OQF�* ! "JPN�7?

6LRN�AR8TN

07 JPN�7867 ! 07 NRQ�78" ""07 JPN�78# 078JPN�7867#

! 07 NRQ�78# 07 JPN�78" 07 JPN�7867

$LRIT�RS�DO;�OBBTOM�SLOS�@T�OMT�APRQA�RQ�JRMJITN9�RQ�EOJS�@T�OMT�QPSC�1RDBI;�NPI8T
EPM�SLT�PMRARQOI�RQSTAMOI�SP�P>SORQ

K� 07 JPN�7867 ! 07 NRQ�78# 07 JPN�788888888=OM>RSMOM;�JPQNSOQS�PDRSSTF?

07 JPN�7867 ! 07=NRQ�78# JPN�7? # / n

$

H
<K

H
H5

H
)

H
�

H
K$

H
�

$$

$$

$

$
H
K$
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n Example 8

�TMR8T�O��MTFGJSRPQ�EPMDGIO��EPM�! NRQ2 78678=@LTMT�28RN�O�BPNRSR8T�RQSTATM�AMTOSTM
SLOQ�H?C

Solution

�TS�4 ! NRQ28" H 78OQF�6*8! NRQ�7867.86LTQ

648! =28" H?�NRQ28" K 78JPN�7867 OQF��������* ! "JPN�7

EMPD�@LRJL�

NRQ2 78678! "NRQ28" H 78JPN�7 # =28" H?� NRQ28" K 78JPNK 7867

'TBIOJRQA�JPNK�78>;�H�" NRQK�78RQ�SLT�QT@�RQSTAMOI9�@T�LO8T

NRQ2 78678! "NRQ28" H 78JPN�7 # =28" H?� NRQ28" K 78678" =28" H?� NRQ2 78678

EMPD�@LRJL�

28 NRQ2 78678! "NRQ28" H 7 JPN�7 # =28" H?� NRQ28" K 7867

"TQJT��

NRQ2 78678! # NRQ28" K 786788888=28$ H? n

%�NBTJROI�JONT�PE�SLRN�MTNGIS�RN�@PMSL�MTJPMFRQA�EPM�EGSGMT�GNT9�OIPQA�@RSL�O�NRD&
RIOM�EPMDGIO�@T�ON.�;PG�SP�FTMR8T�RQ�SLT�BMP>ITD�NTS�

If n is a positive integer greater than 1, then

sinn x dx ! sinn " 2 x dx

cosn x dx ! cosn " 2 x dx

/PM�T3ODBIT9�@LTQ�28! 5�@T�LO8T�

NRQ5 7867 ! NRQ� 7867

! % NRQK�7867 =GNRQA�SLT�EPMDGIO�@RSL�28! �?

! % % 67 =GNRQA�RS�OAORQ�@RSL�2 ! K?

! % % % ! 

""

"""

""

"2 " H
2

"NRQ2"H 7 JPN�7
2"

"
� �K

:

n " 1
n"

� �K

:

"
� �K

:

n " 1
n"

� �K

:

"
��K

:

4
5"

��K

:

"
��K

:

<
�

4
5

"
��K

:

H
K

<
�

4
5

4�
<K

�
K

H
K

<
�
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Problem Set 10.1

/RQF�O�EPMDGIO�EPM�TOJL�PE�SLT�EPIIP@RQA�OQSRFTMR8OSR8TNC

HC 70 K7 67 KC =<�! 7?0 <7 67

<C 7 NRQ�7 67 �C 7 JPN�K7867

4. 7 67 5C 7 67

+C 78IQ�7 67 )C IQ�=7 K " H?�67

-C 7 K07 67 H:C 7 K0 K7 67

HHC NRQ�=IQ�7?�67 HKC JPN�=IQ�7 K?�67

H<C NRQL!H 7 67 H�C 78SOQ!H 7867

H4C NRQ�78NRQ�<7 67 H5C JPN�K78JPN�<7 67

H+. NTJ<�7 678888�+25�8�TS�48# NTJ 78OQF�6*8# NTJK�7 67.8

6LTQ�MTBIOJT�SOQK�7 >;�NTJK�7 ! H�RQ�SLT�QT@�RQSTAMOIC

H)C JNJ< 7 67

,8OIGOST�TOJL�PE�SLT�EPIIP@RQAC

H-C 7 =K7 ! H?< 67 K:C 7 JNJK 7 67

KH. 0!7 NRQ�7 67 KKC JPN�=IQ�7?�67

K<C JNJ< 7 67 K�C NTJ!H 7 67

K4C SOQL!H 7867 K5C NRQ�K7 JPN�<7 67

K+C /RQF !07 NRQL 78678@RSLPGS�GNRQA�RQSTAMOSRPQ�>;�BOMSNC

K)C /RQF ! 0!7 JPNL 78678@RSLPGS�GNRQA�RQSTAMOSRPQ�>;�BOMSNC

K-C /RQF�SLT�OMTO�>PGQFTF�>;�SLT�JGM8T�1 # IQ�79�SLT 78O3RN9
OQF�SLT�IRQT 78# 0.

<:C /RQF�SLT�OMTO�>PGQFTF�>;�SLT�JGM8T�1 # SOQ!H 79�SLT
78O3RN9�OQF�SLT�IRQT 78# HC

<HC 6LT�MTARPQ�GQFTM�SLT�JGM8T�1 # NRQ�79�:�$ 78$ ��K9�RN
MPSOSTF�O>PGS�SLT�1 O3RNC�/RQF�SLT�8PIGDT�ATQTMOSTFC

<KC 6LT�MTARPQ�GQFTM�SLT�JGM8T�1 # 0!K79 :�$ 7 $ H9�RN
MPSOSTF�O>PGS�SLT�1 O3RNC�/RQF�SLT�8PIGDT�ATQTMOSTFC

<<C /RQF�SLT�JTQSMPRF�PE�SLT�MTARPQ�GQFTM�SLT�JGM8T�
1 # JPN�79�:�$ 7 $ ��KC

<�C /RQF�SLT�JTQSMPRF�PE�SLT�MTARPQ�GQFTM�SLT�JGM8T�1 # 079
:�$ 7 $ HC

�NT�SLT�EPMDGIO�EPM�MTBTOSTF�RQSTAMOSRPQ�>;�BOMSN�SP�ERQF
TOJL�PE�SLT�EPIIP@RQAC

<4C 7 K0!7 67 <5C 7 <0 K7 67

<+. =7 K " H?�NRQ�7867 <). =H ! 7 K? JPN 7867

<-. 7 <=7 ! H?� 67 �:. =7 ! K?K=78" K?< 67

�H. 1LP@�SLOS�RE�,8% :9

0 37 NRQ�,78678# " /

$LOS�RE�,8# :�=OQF�3 % :? 

�K. 1LP@�SLOS�RE�,8% :9

0 37 JPN�,78678# " /

$LOS�RE�,8# :�=OQF�38% :? 

�<C �TMR8T�SLT�MTFGJSRPQ�EPMDGIO

JPN2 7 678# " JPN2 ! K 7867

@LTMT�28RN�O�BPNRSR8T�RQSTATM�AMTOSTM�SLOQ�HC

��C �NT�(MP>ITD��< SP�T3BIORQ�@L;

JPN2 7867 # JPN28! K 7867

,8OIGOST�TOJL�PE�SLT�EPIIP@RQA�RQSTAMOINC

�4C JPN5 7 67 �5C NRQ) 7 67

�+C NRQ4 67 �)C JPN+ K7867

�-C �TMR8T�SLT�EODPGN��3""+$8-()!4"3$

NRQK% 78678# & 

NRQK% " H 78678#

@LTMT�%8RN�OQ;�BPNRSR8T�RQSTATMC

" "

" "

" #7 ! H " #K ! 7

" "

" "

" "

" "

" "

"

"

"
H

:
"

��K

��5

"
�

:
"

0 �

0! �

"
��K

���
"

K

H

"
H �K

:
"

��5

:

" "

" "

" "

" 037�3 NRQ�,7 ! , JPN�,7 �
3K " ,K

" 037�, NRQ�,7 " 3 JPN�,7 �
3K " ,K

" JPN2!H 7 NRQ�7
2

2 ! H
2 "

"
��K

:

2 ! H
2 "

��K

:

"
��K

:
"

��K

:

"
�

:

7
K "

�

:

"
��K

:

H & < & 4�C�C�C��K% ! H �
K & � & 5�C�C�C��K%�

�
K

"
��K

:

K & � & 5�C�C�C��K%�
H & < & 4�C�C�C��K% " H �
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4:C 2S�RN�QPS�LOMF�SP�BMP8T�SLOS�SLT�MOSRP�PE�SLT�RQSTAMOIN�RQ
(MP>ITD��-�OBBMPOJLTN�H�ON�%8RQJMTONTNC
=O? ,3BIORQ�@L;�RS�EPIIP@N�SLOS

! C C C

RQ�SLT�NTQNT�SLOS���K�DO;�>T�OBBMP3RDOSTF�ON
JIPNTI;�ON�FTNRMTF�>;�GNRQA�NGEERJRTQSI;�DOQ;�EOJ&
SPMN�PE�SLRN��RQERQRST�BMPFGJSC�

=>? 1LP@�SLOS�BOMS�=O?�JOQ�>T�@MRSSTQ�RQ�SLT�EPMD

�! K�" C C C

=J? �NT�SLT�EPMDGIO�RQ�BOMS�=>?�=OQF�O�JOIJGIOSPM?�SP�ATS
OQ�RFTO�PE�LP@�EONS�SLT�BMPFGJS�JPQ8TMATN�SP��C
=(GQJL�K�SRDTN���FR8RFTF�>;�<�SRDTN�H5�FR8RFTF�>;
H4�SRDTN�<5 C C C C?

�
K

K
H "

K
< "

�
< "

�
4 "

5
4 "

5
+

�
< "

H5
H4 "

<5
<4 "

5�
5<
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10.2 Integrals Involving Trigonometric Functions
2Q�SLT�QT3S�NTJSRPQ�@T�@RII�FRNJGNN�OQ�RDBPMSOQS�JIONN�PE�NG>NSRSGSRPQN�SLOS�LO8T�SLT
TEETJS�PE�SMOQNEPMDRQA�JTMSORQ�OIAT>MORJ�RQSTAMOIN�RQSP�RQSTAMOIN�RQ8PI8RQA�SMRAPQP&
DTSMRJ� EGQJSRPQNC� 2E�@T� JOQ�LOQFIT� SLT� IOSSTM9�@T� OMT� RQ� O� BPNRSRPQ� SP�FRNBPNT� PE
DOQ;�BMT8RPGNI;�RQSMOJSO>IT�BMP>ITDNC��GM�BGMBPNT�RQ�SLRN�NTJSRPQ�RN�SP�FRNJGNN�SLT
SMRAPQPDTSMRJ�RQSTAMOIN�SLOS�OMT�DPNS�GNTEGI�RQ�SLRN�JPQQTJSRPQC�6LT;�OMT�PE�SLMTT
S;BTN9�QODTI;

HC NRQ! 7 JPN2 7867 KC SOQ! 7 NTJ2 7867 <C JPS! 7 JNJ2 7867

'OSLTM�SLOQ�JPQNRFTMRQA�O�N;NSTDOSRJ�IRNSRQA�PE�JONTN�GQFTM�SLTNT�SLMTT�S;BTN9
@T�NRDBI;�BMTNTQS�T3ODBITN�SP�NLP@�;PG�SLT�STJLQR*GTN�SLOS�OMT�QTTFTF�EPM�FTOI&
RQA�@RSL�SMRAPQPDTSMRJ�RQSTAMOINC

n Example 1

/RQF�! NRQ< 78 67C

Solution

6LT�PFF�T3BPQTQS�=!8! <?�OIIP@N�GN�SP�>MTO.�PEE�NRQ�78678OQF�JLOQAT�SLT�MTDORQRQA
T8TQ�BP@TM�=NRQK 7? SP�OQ�T3BMTNNRPQ�RQ8PI8RQA�JPNRQT�

NRQ< 78 67 ! NRQK 78 " NRQ�78678

! =H�# JPNK 78? " NRQ�7867

!P@�ITS�48! JPN�78OQF�648! #NRQ�78678SP�P>SORQ

NRQ< 7 67 ! # =H # 4K? 648! =44�K # 4H�K?�64

! 4 +�K # 4 <�K $ /8! =JPN�7? +�K # =JPN�7? <�K $ / n

" " "

#JPN�7

" #JPN�7 " #JPN�7

" #JPN�7

" #JPN�7 " #4 "
K
+

K
<

K
+

K
<
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n Example 2

/RQF�
NRQK JPN4 65

Solution

6LRN�SRDT�SLT�PFF�T3BPQTQS�=28! 4?�NGAATNSN�>MTO.RQA�PEE�JPN 658OQF�T3BMTNNRQA
@LOS�MTDORQN�RQ�STMDN�PE�NRQ� �

NRQK JPN4 65 ! NRQK JPN� " JPN� 65

! NRQK !H # NRQK "K
" JPN� 65

! K� 4 K=H�# 4K?K 64888888!4 ! NRQ� 9�64 ! JPN 65"

! K� =4 5 # K4� $ 4K?�64

! K ! # $ " 0H

:
! n

n Example 3

/RQF�# NRQK 58JPNK 5865C

Solution

6LT�T8TQ�T3BPQTQSN�NGAATNS�SLT�DGISRBIRJOSRPQ�EPMDGION

NRQK 5 ! =H�# JPN�K5?����������OQF����������JPNK 5 ! =H�$ JPN�K5?

=1TT�1TJSRPQ�HC5C?�$T�GNT�SLTD�SP�@MRST

NRQK 5 JPNK 58658! =H�# JPNK K5? 658! 658# JPNK K5865

2Q�SLT�IONS�RQSTAMOI�@T�GNT�O�DGISRBIRJOSRPQ�EPMDGIO�OAORQ9�RQ�SLT�EPMD

JPNK K5 ! =H�$ JPN��5?

6LRN�;RTIFN

NRQK 5 JPNK 58658! 658# =H���JPN��5?�65 ! 658# JPN��5 65

! 58# NRQ��5 $ / n

$
�

:

5
K

5
K

5
K

5
K

$
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:

5
K

5
K $

�

:

5
K
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K
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K
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K44
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H
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n Example 4

/RQF�
65

Solution

6LT�EOJS�SLOS�NTJK 58RN�SLT�FTMR8OSR8T�PE�SOQ�58NGAATNSN�SLOS�@T�>MTO.�PEE�NTJK 5865�

658! " NTJK 5865

6LT�RFTQSRS;�NTJK 5 # SOQK 5 ! H�TQO>ITN�GN�SP�@MRST

658! " NTJK 5865

!P@�ITS�4 ! SOQ�59 648! NTJK 58658SP�P>SORQ

65 ! 648! !48$ " 648! $ IQ040 $ /

! SOQK 5 $ IQ0SOQ�50 $ / n

n Example 5

/RQF�
SOQ< 58NTJ�5865

Solution

6LRN� SRDT�@T�>MTO.�PEE� NTJ� 58 SOQ� 58659 LO8RQA� RQ�DRQF� SLT�FTMR8OSR8T�PE�NTJ� 58OQF
RQSTQFRQA�SP�T3BMTNN�@LOS�MTDORQN�RQ�STMDN�PE�NTJ�5�

SOQ< 58NTJ�5865 ! SOQK 58" NTJ�5 SOQ�5865

! =NTJK 5 # H?�" NTJ�5 SOQ�5865

! =4 K # H?�64 =4 ! NTJ�59�64 ! NTJ�5 SOQ�5865?

! n

n Example 6    

/RQF�# JPS� 5865.

$ NTJ� 5
SOQ�5

$ NTJ� 5
SOQ�5 $ NTJK 5

SOQ�5

$ NTJ� 5
SOQ�5 $ SOQK 5 $ H

SOQ�5

$ NTJ� 5
SOQ�5 $ 4K $ H

4 $ H
4

4K

K

H
K

$
��<

:

$
��<

:
$

��<

:

$
��<

:

$
K

H

�
<
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Solution

�NT�SLT�RFTQSRS;�JNJK 5 ! JPSK 5 " H�SP�@MRST

JPS� 5865 " JPSK 58=JNJK 5 ! H?�658" JPSK 58# JNJK 5865 ! JPSK 5865

" JPSK 5 # JNJK 5865 ! =JNJK 5 ! H?65

" ! JPS< 58$JPS�5 $ 5$ / n

6LTNT�T3ODBITN�OQF�SLT�BMP>ITD�NTS�NLPGIF�AR8T�;PG�SLT�RFTOC�$T�@RII�BGS�SLT
MTNGISN�SP�@PM.�RQ�SLT�QT3S�NTJSRPQC

! ! ! !

! !
H
<
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Problem Set 10.2

/RQF�TOJL�PE�SLT�EPIIP@RQA�RQSTAMOINC

HC NRQ� 7 JPN< 7867 KC JPN�7 67

<C NRQ< 7 JPN< 7867 �C 65

4C NRQ� 78JPNK 7867 5C JPN� 5865

+C NRQ4 5865 )C JPN< 7867

-C NRQK K7 67 H:C 67

HHC NRQ< 7867 HKC 67

H<C NRQ�58JPS�5865 H�C JPNK 58SOQ�5865

H4. 67

H5C SOQK 78NTJ�78678888
�+25�8�PG�@RII�QTTF�SLT�EPMDGIO�EPM " NTJ< 7867

=(MP>ITD�H+9�1TJSRPQ�H:CH�OQF�,3ODBIT�<9�1TJSRPQ�H:C<?C

H+C NTJ� 7867 H)C 67

H-C =NTJ� 78! SOQ� 7?�67 K:C SOQ� 7867

KHC SOQ�7 NTJ< 7867 KK. SOQK 78NTJ� 7867

K<C SOQ� 58NTJ� 5865 K�C SOQ< 7867

K4C =SOQ�78$ JPS�7?K 67 K5C NTJ5 5865

K+C SOQ5 5865 K)C SOQ< 7=NTJ�7?<�K 678

K-C JPSK 5 65 <:C JPS< 5865

<HC JPS�7 JNJ< 7867 <KC JNJ� 7867

<<C NTJ� 78JNJ� 7867 <�C 65

<4C $PM.�,3ODBIT�<�>;�GNRQA�SLT�EPMDGIO�NRQ�K5 "

K�NRQ�58JPN�5C

<5. 6LT�EPMDGIO

NTJ 78SOQ�78678" NTJ 78$ /

RN�O�NSOQFOMF�EPMDC�%JSRQA�ON�SLPGAL�;PG�@TMT�RAQPMOQS
PE�RS9�FTMR8T�RS�>;�@MRSRQA�SLT�RQSTAMOQF�RQ�STMDN�PE�NRQ 7
OQF�JPN�7C

<+C �TMR8T�SLT�MTFGJSRPQ�EPMDGIO

SOQ2 78678" ! SOQ2 ! K 7867

<)C /RQF�SLT�ITQASL�PE�SLT�JGM8T�1 " IQ�JPN�79�
!����% 78% ���C

<-C /RQF�SLT�8PIGDT�PE�SLT�NPIRF�ATQTMOSTF�@LTQ�SLT�JGM8T
1 " JPSK 7�8����% 78% <���9�RN�MPSOSTF�O>PGS�SLT 78O3RNC

�:C "P@�DGJL�NGMEOJT�OMTO�RN�ATQTMOSTF�@LTQ�SLT�J;JIPRF
78" H ! JPN�59�18" 58! NRQ�59�:�% 58% K�9�RN�MPSOSTF�O>PGS
SLT�1 O3RN 

!
��K

:
!

��K

:
#NRQ�7

! ! JPN� 5
NRQK 5

!
��K

:
!

�

:

! !
��K

:

! ! NRQ4 7
JPN4 7

! !
���

:

NRQ� 7
JPNK 7

! !

!
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NTJK 7
H $ SOQ�7

!

! ! SOQ�7
NTJK 7

! !

! !
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!

! !
���

:

! !

!
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!
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!

��K

���
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��5

JPS�5
JNJ< 5

!

! SOQ2!H 7
2 ! H !
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10.3 Trigonometric Substitutions

�OQ;�RDBPMSOQS�RQSTAMOSRPQ�BMP>ITDN�RQ8PI8T�T3BMTNNRPQN�PE�SLT�EPMD

@LTMT�38 RN�O�=BPNRSR8T?�JPQNSOQSC� 2Q�NGJL�JONTN�O�5)+�(2(!05)+�8$4,$5+545+(28 RN�PESTQ
LTIBEGI9�PE�SLT�S;BT

78! 38NRQ�5 78! 38SOQ�588888888878! 38NTJ�5

MTNBTJSR8TI;C� 6P� NTT� @LOS� TEETJS� SLTNT� NG>NSRSGSRPQN� LO8T� PQ� SLT� JPMMTNBPQFRQA
T3BMTNNRPQN9�P>NTM8T�SLOS

3 K " 7 K ! 3 K " 3 K NRQK 5 ! 3 K=H " NRQK 5 ? ! 3 K JPNK 5
3 K # 7 K ! 3 K # 3 K SOQK 58! 3K=H�# SOQK 5 ?�! 3 K NTJK 5
7 K " 3 K ! 3 K NTJK 5 " 3 K ! 3 K=NTJK 5 " H?�! 3 K SOQK 5

MTNBTJSR8TI;C� 2E� @T� ONNGDT� SLOS� PGM� NG>NSRSGSRPQN� OMT� RQ8TMSR>IT� =SLOS� RN9� PQI;
MTNSMRJSTF�SMRAPQPDTSMRJ�EGQJSRPQN�LO8RQA�RQ8TMNTN�OMT�GNTF?9�SLTQ�

! 30JPN�50 ! 3 JPN�5 =>TJOGNT�"��K�$ 5 $ ��K?
! 30NTJ�50 ! 3 NTJ�5 =>TJOGNT�"��K�% 5 % ��K?�
! 30SOQ�50 ! 3 SOQ�5 =>TJOGNT�: $ 5 % ��K�PM��$ 5 % <��K?�

2Q�PSLTM�@PMFN9�TOJL�NG>NSRSGSRPQ�TIRDRQOSTN�SLT�MOFRJOI�>;�MTBIOJRQA�RS�@RSL�O
SMRAPQPDTSMRJ�EGQJSRPQC�6LRN�LON�O�MTDOM.O>IT�TEETJS�PQ�DOQ;�PSLTM@RNT�FREERJGIS
RQSTAMOIN9�ON�;PG�@RII�NTTC

Remark
%�MT8RT@�PE�1TJSRPQ�-CH�DO;�>T�QTTFTF�LTMTC�$LOS�@T�OMT�NO;RQA�RN�SLOS�SLT�NG>NSRSGSRPQN

78! 38NRQ�5 78! 38SOQ�5888888 78! 38NTJ�5

OMT�T*GR8OITQS�SP

5 ! NRQ"H 5 ! SOQ"H 5 ! NTJ"H

MTNBTJSR8TI;9�BMP8RFTF�SLOS�NRQT9�SOQATQS9�OQF�NTJOQS�OMT�MTNSMRJSTF�ON�FTNJMR>TF�RQ�1TJSRPQ�-CHC
�PG�DO;�OINP�@OQS�SP�IPP.�OS�1TJSRPQ�5C4�OAORQ9�BOMSRJGIOMI;�SLT�S@P�NG>NSRSGSRPQ�SLTPMTDN
NSOSTF�SLTMT�=OQF�,3ODBIT�+?C�6LTNT�SLTPMTDN�JOII�EPM�O��JLOQAT�PE�8OMRO>IT��EGQJSRPQ�5 ! �=7?
SLOS�AR8TN�SLT�QT@�8OMRO>IT�RQ�STMDN�PE�SLT�PIFC�2E�SLT�EGQJSRPQ�RN�RQ8TMSR>IT9�LP@T8TM9�RS�DO.TN
QP�FREETMTQJT9�NRQJT�TRSLTM�7 PM�5 JOQ�>T�T3BMTNNTF�RQ�STMDN�PE�SLT�PSLTMC

n Example 1

%Q� RDBPMSOQS� NSOQFOMF� EPMD� =ERMNS� NSOSTF� RQ� (MP>ITD� <)9� 1TJSRPQ� -CK9� >GS� ON� ;TS
GQT3BIORQTF?�RN

dx ! # sin"1 # C

!3K " 7K !3K # 7K !7K " 3K

!3K " 7K

!3K # 7K

!7K " 3K

7
3

7
3

7
3

" !a 2 " x 2 x
2

!a 2 " x 2
a2

2
x
a
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6P�NTT�@LTMT�RS�JPDTN�EMPD9�DO.T�SLT�NG>NSRSGSRPQ

78! 38NRQ�5 ="��K�# 58# ��K?

6LTQ�678! 38JPN� 58658OQF� =ON�T3BIORQTF�O>P8T?� ! 38JPN� 5.8�GM� RQSTAMOI
>TJPDTN

67 ! 38JPN�58$ 38JPN�58658! 3 K� JPNK 5865

! =H�% JPN�K5 ?�65

! !58% NRQ�K5" % /

! =58% NRQ�58JPN�5 ?�% /88888888=>TJOGNT�NRQ�K5 ! K�NRQ�58JPN�5?�
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10.4 Decomposition of Rational Functions 
into Partial Fractions
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Problem Set 10.4
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10.5 Miscellaneous Integration Problems
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10.6 Numerical Integration
%N�@T�LO8T�BPRQSTF�PGS�>TEPMT9�O�SO>IT�PE�RQSTAMOIN�=QP�DOSSTM�LP@�T3STQNR8T?�JOQ&
QPS�SPGJL�NPDT�BMP>ITDNC�%�NRDBIT�T3ODBIT�RN

67

@LRJL�JOQQPS�>T�T8OIGOSTF�>;�OQ;�PE�SLT�DTSLPFN�@T�LO8T�FTNJMR>TFC�2Q�EOJS�QP
TITDTQSOM;�EGQJSRPQ�T3RNSN�@LPNT�FTMR8OSR8T�RN� C��PMTP8TM9�@T�STQF�SP�EPM&
ATS�SLOS�PGM��T8OIGOSRPQ��PE�DOQ;�RQSTAMOIN�RN�RQ�QODT�PQI;C�%�MTNGIS�NGJL�ON

JPN�78678! NRQ�H

LON�SP�>T�JPQ8TMSTF�SP�O�FTJRDOI�OBBMP3RDOSRPQ�SP�>T�GNTEGIC�$LRIT�JOIJGIOSPMN�AR8T
SLT�8OIGTN�PE�JPDDPQ�EGQJSRPQN9�SLTMT�OMT�NRSGOSRPQN�RQ�@LRJL�@T�LO8T�SP�FP�>TSSTMC

2Q�SLRN�NTJSRPQ�@T�FT8TIPB S@P�EPMDGION�SLOS�TQO>IT�GN�SP�JPDBGST�

- =7?�67

ON�OJJGMOSTI;�ON�@T�BITONT�=BMP8RFTF�PE�JPGMNT�SLOS�- RSNTIE�RN�.QP@Q�SP�@RSLRQ�SLT
QTTFTF�FTAMTT�PE�BMTJRNRPQ?C�6LT;�OMT�>ONTF�PQ�IRQTOM�OQF�*GOFMOSRJ�OBBMP3RDO&
SRPQ�PE�- =7?9�MTNBTJSR8TI;C

�TS��8! �39,� OQF�NGBBPNT�SLOS�
8! 
7:9 7H9 . . . �872	 RN�O�BOMSRSRPQ�PE��8RQSP�28NG>RQ&
STM8OIN�PE�T*GOI�ITQASLC�2Q�/RAGMT�H�@T�NLP@�SLT�AMOBL�PE�- RQ�SLT�S;BRJOI�NG>RQSTM&
8OI9�SPATSLTM�@RSL�RSN�IRQTOM�OBBMP3RDOSRPQ�>;�O�IRQT�NTADTQS��PRQRQA�RSN�TQFBPRQSNC
6LT�OMTO�PE�SLT�NLOFTF�SMOBT�PRF�=EMPD�ATPDTSM;?�RN

=O8TMOAT�>ONT?=OISRSGFT?�! =1%8" H # 1%? �7

6P�P>SORQ�OQ�OBBMP3RDOSRPQ�PE�SLT�RQSTAMOI�PE�- EMPD�38SP�,9 @T�QTTF�PQI;�OFF�GB
SLTNT�SMOBT�PRFOI�OMTON�

- =7?�678! =1%8" H # 1%? �7

$LTQ�SLRN�NGD�RN�@MRSSTQ�PGS9�RS�>TJPDTN

�7" = 1: # 1H?�# = 1H # 1K?�# C C C # =128" K # 128" H? # = 128" H # 12?#
! �7$ 1: # 1H # 1K# C C C # 128" H # 12%

6LGN�@T�LO8T�OMMR8TF�OS�SLT�EPIIP@RQA�MTNGISC

The Trapezoidal Rule
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